Mathematica 11.3 Integration Test Results

Test results for the 1126 problemsin "1.2.2.2 (d x)"m (a+b x"2+c
xN)Ap.m"

Problem 8: Result unnecessarily involves imaginary or complex numbers.

1
J dx
aZ+b+2ax?+xt

Optimal (type 3, 299 leaves, 9 steps):

T B N o 28
N +
e e e e

Log[Va?+b -2 \/-a++Va?+b x+x2| Log[va’+b +V2 \/-a+VaZib x+x?]
+

4\/7\/a2+b \-a+Vat+b 4\/7\/az+b A\ -a+VaZ+b
Result (type 3, 81 leaves):
ArcTan [ X ] ArcTan { }
i Jaide Jarife
a-i+vb a+ib
2/b

Problem 10: Result unnecessarily involves imaginary or complex numbers.

| Frwrroserts
X
1+a2+2ax?+x*

Optimal (type 3, 299 leaves, 9 steps):

ArcTan | Lﬁmm MTX} ArcTan | Lﬁ%m +ﬁx]
Jan/1ia? Jaf1ea?
+
2VZ Viia Jaiviial  2vZ Vieal \Jaiviial
Log[V1+a? -V2 \/-a+V1+a? x+x?] X Log[V1+aZ +V2 1\/-a+V1+a2 x+x?]
4Nz Viza J-asica? 4Nz Vica J-acira?r
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Result (type 3, 52leaves):
ArcTan[ —*—] ArcTan|—>*—]
e

-i+a i+a

V-1i+a i+a

1
-—1

2

Problem 11: Result more than twice size of optimal antiderivative.

1
Jidlx
4-5x%4+x4

Optimal (type 3, 17 leaves, 3 steps):

1 X ArcTanh[x]
-~ ArcTanh[ =] + —————
6 2 3

Result (type 3, 37 leaves):

1 1 1 1
-—Log[1l-x]+ —Log[2-Xx]+ —Log[l+Xx]-—Log[2+X]
6 12 6 12

Problem 13: Result unnecessarily involves imaginary or complex numbers.

1
Jidlx
9+5x%+x*

Optimal (type 3, 67 leaves, 9 steps):

ArcTan| l’rlzl"} Ar‘cTan[%}
+

—LLOg[37X+X2} +iLog[3+x+x2]

611 6/11 12 12
Result (type 3, 91 leaves):

iArcTan[——>*——] iArcTan| —>*——]
_ Hem) Jrlsvar)
J%(s,jm) J%(sﬂim)

Problem 14: Result unnecessarily involves imaginary or complex numbers.

1
J‘dlx
1-x%2+x4

Optimal (type 3, 74 leaves, 9steps):

L 1-+3 2 L 1 3 2
*lArCTan[\E*ZX]+1Ar‘cTan[\/?+2x}f og| \/—X+X}Jr og[1+/3 x+x2]
2 ’ a3 a3

Result (type 3, 77 leaves):

1
Ji( —1—1‘1\/? Ar‘cTan[
Ve

N |

(1—]’1\/?) x]— —1+J‘1\/? Ar‘cTan[

N |

(1+]'1\/?) X]




Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~"m (a+b x~2+c x~4)~p.nb | 3

Problem 15: Result unnecessarily involves imaginary or complex numbers.
1
J —ax
2+2x2+x4
Optimal (type 3, 176 leaves, 9steps):

2(-1+\/7) ~2x 2(-1+\/?) 2%

1 “1+4/2 Ar‘cTan[ ]+l “1+4/2 Ar‘cTan[ ]—
4

! 2(1+ﬁ) /2(1+ﬁ)

Log[v2 - [2(-1+V2 ) x+x2] Log[v2 + [2(-1+V2 ) x+x?]

+

8+/-1++2 8+/-1++2
Result (type 3, 41 leaves):
1 (1—1’1)3/2Ar‘cTan[ ] (1+1)3/2Ar‘cTan[ ]]
4 Ni-1 Viei

Problem 16: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J = ax
V2+5x2-3x4
Optimal (type 4, 10leaves, 2 steps):

EllipticF [ArcSin[——], -6]

Result (type 4, 65 leaves):

i [1-% /1+3x% EllipticF[i Arcsinh[v3 x], - 1]
V3 V2+5x2-3x*

Problem 17: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+4x?-3x4
Optimal (type 4, 48 leaves, 2 steps):

10 E111pt1cF AI"CSln

N|I—‘
UJ|I—‘

(-7-2+10 )]
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Result (type 4, 49 leaves):

i EllipticF[i ArcSinh|

1+\/§ x], 3 (-7+2V1e ]
\/2+\/ﬁ
Problem 18: Result unnecessarily involves imaginary or complex numbers.

1
J ——ax
V2+3x2-3x4
Optimal (type 4, 48leaves, 2 steps):

e EllipticF[Ar‘cSin[ x], 1 (—77\/ 33 )]
-3+4/33 3++/33 4
Result (type 4, 53 leaves):
6 1
- EllipticF[iArcsinh[ | ———— x], = (-7++/33 ]
3,433 34433 4

Problem 19: Result unnecessarily involves imaginary or complex numbers.

1
J T
V2+2x2-3x*
Optimal (type 4, 44 leaves, 2 steps):

EllipticF[ArcSin] 1+3ﬁ x] % <74,\/7)]

A\ -1+ \/7
Result (type 4, 49 leaves):

i EllipticF[i ArcSinh| 71+3ﬁ x|, i (_4 + ﬁ) ]

1+\ﬁ

Problem 20: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
—dx
J\/ 2+x2-3x4
Optimal (type 4, 12leaves, 2 steps):
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EllipticF [ArcSin[x], - %]
V2
Result (type 4, 63 leaves):
iV1-x2 \/2+3x2 EllipticF[i ArcSinh [ﬁ x|, - f}
V3 V2 xT-3x%

Problem 23: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-2x?-3x4
Optimal (type 4, 42 leaves, 2 steps):

EllipticF [Ar‘csin{ 3 x] , 1 (—4+ \/7) }

Result (type 4, 51leaves):

i EllipticF[i ArcSinh]| >— x|, —;i— %]

Problem 24: Result unnecessarily involves imaginary or complex numbers.

1
J ——ax
V2-3x2-3x4
Optimal (type 4, 46 leaves, 2 steps):

1
EllipticF[ArcSin| - 33 )]
\ « 4

Result (type 4, 55 leaves):

g2 EllipticF[i ArcSinh| ° x|, - AL

. 1
~3:4/33 3+4/33 4 4

Problem 25: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-4x?-3x*
Optimal (type 4, 48leaves, 2 steps):
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é (-2++/10 ) EllipticF[Arcsin| : (2410 ) x],

2

(-7+2+10 )]

w |

Result (type 4, 491leaves):

i E111pt1cF i ArcSinh \/7 |2
-2+

10

w |

-7-2+/18 ]

Problem 26: Result more than twice size of optimal antiderivative.

1
J = ax

V2-5x2-3x*
Optimal (type 4, 18leaves, 2 steps):
EllipticF [ArcSin[V/3 x], - %]

Ve

Result (type 4, 54 leaves):
\/1-3x2 /2 +x2 EllipticF [Ar‘cSin [\/? x} , - i]

V6 V2-5x2-3x%

Problem 27: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+7x2-2x*
Optimal (type 4, 45leaves, 2 steps):

2 EllipticF[Arcsin[— ], © (-61-773 )]
-7+73 [7.v735 12

Result (type 4, 52 leaves):

2 X

E1lipticF[i ArcSinh | ], = (-61+7/73 )]

+V73 VTN

Problem 28: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+6x2-2x*
Optimal (type 4, 44 leaves, 2 steps):
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: (3+/15 | EllipticF[Arcsin|
\ 6

Result (type 4, 43 leaves):

[SS A

(-3+715 ) x], -4-+15 |

i EllipticF[i ArcSinh]| 1+J€ x|, -4+/15 ]
A/ 3++V15

Problem 29: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J = ax
V3+5x2-2x*
Optimal (type 4, 10leaves, 2 steps):

X
EllipticF [ArcSin[——], - 6]
V3

Result (type 4, 65 leaves):
i [1- /1+2x% EllipticF[i ArcSinh[vV2 x|, - 1]
V2 /3+5x2-2%

Problem 30: Result unnecessarily involves imaginary or complex numbers.

1
j —ax
V3+4x2-2x*
Optimal (type 4, 44 leaves, 2 steps):

ELLiptick [Arcsin[ | —i— x], (-7-2v1e ]

\/—2+\/ﬁ

Result (type 4, 51 leaves):

i EllipticF|i ArcSinh]| | . % x|, _§+ 2431@}

\/2+\/ﬁ
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Problem 31: Result unnecessarily involves imaginary or complex numbers.

1
j ——ax
V3+3x2-2x4
Optimal (type 4, 45leaves, 2 steps):

1
EllipticF [ArcSin[———], =
-3+4/33 3.9 ¢

Result (type 4, 50 leaves):

EllipticF[i ArcSinh| ———],

-7+
34433 Jozevss
Problem 32: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+2x2-2x4
Optimal (type 4, 44 leaves, 2 steps):

EllipticF [ArcSin| 1+\2ﬁ x|, 3 (_4_\/7)]

\ -1+ ﬁ
Result (type 4, 49 leaves):

J‘LEllipticF[j Ar‘cSinh[ 12\/7 x], i (—4+\/7)]
1+\/7

Problem 35: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
——dx
J\/ 3-x2-2x4
Optimal (type 4, 12leaves, 2 steps):
EllipticF [ArcSin[x], - %]

3
V3
Result (type 4, 65 leaves):
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iV1-x* +/3+2x? EllipticF|[i ArcSinh| /% x|, —%}

N2 A3ox2 22Xt

Problem 36: Result unnecessarily involves imaginary or complex numbers.

1
J —ax
V3-2x2-2x*
Optimal (type 4, 42 leaves, 2 steps):

EllipticF [ArcSin| 71+2\ﬁ x|, % (_4+ \/TH

1+ \/7
Result (type 4, 51leaves):

i ELlipticF[i ArcSinh[ [ —2— x], -4 - Y]

~1+/7

Problem 37: Result unnecessarily involves imaginary or complex numbers.

1
J ——ax
V3-3x2-2x*
Optimal (type 4, 43 leaves, 2 steps):

EllipticF[ArcSin| 27)(} B 1 (—7 ++/33 ) ]
3+4/33 3.4/33 4
Result (type 4, 52 leaves):
i |2 Elliptick[iArcsinh[— 2], 2 Y33

I

-3+V33 Vv ®
Problem 38: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3-4x?-2x*
Optimal (type 4, 44 leaves, 2 steps):

Elliptick[Arcsin| [ —— x], 3 (-7+2v10 ]

\/2+\/ﬁ
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Result (type 4, 51leaves):

i E1lipticF[i ArcSinh| - jﬁ x|, -L- ﬂ]

+v 10

Problem 39: Result more than twice size of optimal antiderivative.

1
J  —" I
V3-5x2-2x*
Optimal (type 4, 18leaves, 2 steps):
EllipticF [Ar‘cSin [\E x] y — i]
Ve
Result (type 4, 54 leaves):
\1-2x2 /3 +x? EllipticF [Ar‘cSin [\/? x] y - i]

V6 V3-5x2_2x4

Problem 40: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3-6x2-2x*
Optimal (type 4, 42 leaves, 2 steps):

1
— E111pt1cF Ar‘c51n
6

Result (type 4, 45leaves):
i EllipticF[i ArcSinh[ [ -1+ | 3 x|, -4-+/15]
\/-3+V15

Problem 41: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3-7x%-2x*
Optimal (type 4, 45leaves, 2 steps):

2 X

EllipticF[ArcSin|

- (-61+7/73 )]
V73 N
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Result (type 4, 52 leaves):

i | —%— EllipticF|iArcsinh[— =], = (-61-773 )]
-7+/73 773 P2

Problem 43: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2+4x%+3x*
Optimal (type 4, 141 leaves, 1step):

L(LM) X2
2-(2+W) X2

\/—2+ (2+\/§> x2

23/4 51/4 X 1

EllipticF[Ar‘cSin[ }, E (5+\/ﬁ)} /
\/2+ (2+\/§) x?

1
2 10v/4 N -2+4x2+3x4
2- (2+

\/ﬁ)X2

Result (type 4, 81 leaves):

5
~||i+/2-4x*-3x* EllipticF[iArcSinh[ [-1+ [= x],
2

w | =

(-7-2ve)]|/

(\/72“/? \/—2+4x2+3x4

Problem 44: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2+3x%+3x*
Optimal (type 4, 146 leaves, 1step):
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V2 3314
\/—4+ (3+\/§) x?

EllipticF [Ar‘cSin [

I = (11+v33)]] /

22

1
2+/2 3314 A -2+3x2+3x4
4- (3+\/33 ) X2

Result (type 4, 83 leaves):

iV4-6x2-6x* EllipticF[iArcSinh| [—8— x|, -Z - 33 ]
3+m 4

-3++/33 /-2+3x2+3x%4

Problem 45: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2+2x%2+3x*
Optimal (type 4, 141 leaves, 1step):

2-(1-ﬁ) x2
27(1+ﬁ) X2

\571/4)( 1
\/—2+ (1+\/7) x?

\/2 + (1++7 ) x* EllipticF[Arcsin]

1
2 0 7vA | = [ 24:2x% 3%

2- (1 N ﬁ) X2
Result (type 4, 83 leaves):

i2-2x2-3x* EllipticF[i ArcSinh| 13ﬁ x|, -]

“1++V7 V-2+2x2+3x4

Problem 48: Result unnecessarily involves imaginary or complex numbers.

1
J—dlx
V-2-x2+3x4
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Optimal (type 4, 65leaves, 1step):

i

A -1+x% \/2+3x% EllipticF [Ar‘csin [

I 2]

~14x2

A5 A m2 X2 3xA
Result (type 4, 60 leaves):

iV1-x2 \/2+3x2 EllipticF[jAr‘cSinh[ /i x}, —ﬂ
V-6-3x%2+9x*

Problem 49: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2-2x%+3x*

Optimal (type 4, 148 leaves, 1step):

2+ (1+\/7) x?
2+ (1-ﬁ) X2

N2 74 x 1

J_z_(l_m g

EllipticF [ArcSin|

Jz (1—\/7) X2

1
2 71/4J N -2-2x2+3x4
2+(17

\ﬁ) x2
Result (type 4, 81 leaves):
iV2+2x2-3x* EllipticF[i ArcSinh| >— x|, i (—4+\/7H

-1+ 7

1+V7 V-2-2x%2+3x4

Problem 50: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2-3x2+3x4

Optimal (type 4, 153 leaves, 1step):
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4 + 3+\/§ X2
J_4_(3_@)Xz 4+( m)xz

[3-V33)

V2 3314
J-4- (3-@) X2

EllipticF [Ar‘cSin [

},i(n,m)]/

22

1
242 331/4J A -2-3x%2+3x*

4+ (34/33 ) X2
Result (type 4, 81 leaves):

6
i4+6x*-6x* EllipticF[i ArcSinh[ | ——— x|,

(\/3+\/§ J2-3x243x

Problem 51: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2-4x%+3x4
Optimal (type 4, 148 leaves, 1step):

2+(2+\/ﬁ) x2
2+(27\/E) NG

\/_2_(2_\/5) X2

23/4 51/4 X 1

EllipticF [Arcsin| ], = (5-Vie]] /
J_z- (Z—W) x?

1
2 1@1/4\I A -2-4x%+3x4
24 (27

\/ﬁ)x2

Result (type 4, 81 leaves):
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[5
~||i+/2+4x*-3x* EllipticF[iArcSinh[ [1+ [ = x],
2

w |

(-7+2v1e ] /

(\/2+\/ﬁ Jo2-axti3x

Problem 52: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2-5x2+3x%

Optimal (type 4, 63 leaves, 1step):

V=24 x2 A/1+3x%2 EllipticF[Arcsin[ﬂ}, ]

242

~N

N7 AV -2-5x2+3x4
Result (type 4, 65leaves):

i ll—"z—z V1+3x2 EllipticF[JlAr‘cSinh[\/?x], —i]
V3 AV —2-5x213x4

Problem 53: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3+7x%+2x*

Optimal (type 4, 148 leaves, 1step):

m(rﬁ) X2
6—(7+W) X2

\/—6+(7+\/ﬁ) x2

\/7731/4)(
\/6+ (7+m) x2

1
146

EllipticF [ArcSin|

1, (73+7/73 )] /

1
2+/3 7314 N3+ 7x2 e 2x4
6 - (7+\/73 ) x2

Result (type 4, 80leaves):
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|

i/6-14x2-4x® EllipticF|i Arcsinh[— ], = (-61-773 )] /

Jrevzs P

(\/_7”/? \/—3+7x2+2x4)

Problem 54: Result unnecessarily involves imaginary or complex numbers.

1
j dx
V-3+6x%+2x*
Optimal (type 4, 148 leaves, 1step):

3-(3-@) X2
37(3+ﬁ) X2

\/3+(3+\/§) x?

ﬁ151/4x
\/—3+(3+\/F) x2

EllipticF [ArcSin|

o (v )]/

1
10

1
A2 33/4 s5l/4 \-3+6x2+2x4
3 (3“/15 ) X2

Result (type 4, 77 leaves):

i/3-6x*-2x* EllipticF[i ArcSinh| 1+ /3 x|, -4-+/15]

-3+4/15 V-3+6x%2+2x4

Problem 56: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3+4x%+2x4
Optimal (type 4, 148leaves, 1step):
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23/4 51/4 X 1

EllipticF [ArcSin| 1, = (5+\/ﬁ)} /
J-3+ (2+W) x?

1
2%/%+/3 514 \-3+4x2e2xt

37(2+\/ﬁ) x2

Result (type 4, 83 leaves):

iV3-4x2-2x* EllipticF[i ArcSinh| [—2— x|, -Z- 230 ]
2+m

\V-2+4/10 V-3+4x2+2x4

Problem 57: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3+3x2+2x*

Optimal (type 4, 146 leaves, 1step):

6—(3—@) X2
6—(3+\/§) X2

\/6+(3+\/§) X2

ﬁ331/4x
\/—6+ (3+\/¥) x2

EllipticF [ArcSin|

I, = (114v33)]]/

22

1
2334 11v/4 A -3+3x2+2x4

6—(3+V§) X2

Result (type 4, 80 leaves):

iV6-6x2-4x* EllipticF[i ArcSinh[—2*—], -
\ 3+/33

-34++/33 /-3+3x2+2x*
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Problem 58: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3+2x%2+2x4

Optimal (type 4, 143 leaves, 1step):

37(1—\/7) X2
3-(1+ﬁ) NG

\E71/4X 1
\/—3+ (1+\/7) X2

\/3 + (147 ) x* EllipticF[ArcSin|

1
V6 71/4\l — /-3 +2x%+2X*

3 (1 v ﬁ) x?
Result (type 4, 83 leaves):

iV3-2x2-2x* EllipticF[i ArcSinh| 1\25 x|, -]

“1++V7 V-3+2x%2+2x4

Problem 59: Result unnecessarily involves imaginary or complex numbers.

1
J "
V-3+x2+2x4
Optimal (type 4, 63 leaves, 1 step):

T

vl W

V-1+x2 +/3+2x% EllipticF[ArcSin]

J» 3]

~14x2

\/?\/73+X2+2X4
Result (type 4, 63 leaves):

ivV1i-x2 V/3+2x2 EllipticF[nArcSinh[ﬁx}, - 2]

V2 V-3+x2+2x4

Problem 62: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3-2x%+2x*

Optimal (type 4, 150 leaves, 1step):
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3+(1+\/7) x2
3+(17\/7) x2

EllipticF [ArcSin| V2 7rtx ], X 7-V7)] /

J3(1ﬁ) X2

J_s_(l_ﬁ)xz

1
Ve 7vA | ——— = [ _3_2x2i2x4
34 (1-\/7) X2

Result (type 4, 81 leaves):

ijllipticF[jAr‘cSinh[ 137 x], i (—4+\ﬁ>}

1+vV7 V-3-2x2+2x*

Problem 63: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-3x2+2x4
Optimal (type 4, 153 leaves, 1step):

\/6(3@) X2

1/4
EllipticF [ArcSin| V2 334tx ], = (12-+/33 ] /

22
J-s-(a-ﬁ) x2

1
2 334 111/4\I ( A -3-3x2+2x4
6+ (3-

\/ﬁ)xz

Result (type 4, 78 leaves):

iV6+6x2-4x* EllipticF[iArcSinh[—2—], 1 (-7++/33 )]
-3+1/33

V3+433 V-3-3x%2+2x*

Problem 64: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-4x%2+2x4
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Optimal (type 4, 155leaves, 1step):

3+(2+\/ﬁ) x2
3+(2-\/E) X2

J-3-(2-W) X2

23/4 51/4 X 1

EllipticF [ArcSin| 1, — (S—WM /
\/3 (2—@) x?

1
23/4./3 5l/4 A -3-4x?+2xt
34 (24/10 ) x2

Result (type 4, 83 leaves):

ivV3+4x2-2x4 EllipticF[jAr‘cSinh[ — x], —Z+ﬂ]
72+wﬁﬂ;

2+410 V/-3-4x%2+2x4

Problem 65: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-5x2+2x*
Optimal (type 4, 63 leaves, 1step):

V=3+x V1422 EllipticF[Arcsin[ 2%,

-34x2

N =

]

Result (type 4, 65 leaves):
i\/zmEllipticF[jArcSinh[ﬁx], -2]

Problem 66: Result unnecessarily involves imaginary or complex numbers.

1
J e —1
V2+5x%+3x4
Optimal (type 4, 52leaves, 1 step):
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(1+x2) l% EllipticF[ArcTan[x], —ﬂ

V2 2+5x2+3x4

Result (type 4, 58 leaves):

iV1+x? V2+3x* EllipticF[iArcSinh[ [2 x], ]

V6 +15x%+9x*

Problem 67: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+4x?+3x4
Optimal (type 4, 90 leaves, 1step):

2| [ 2:4x%3x8 R 3\1/4 11
(2+\/Ex ) (2+ﬁxz)z E111pt1cF[2Ar‘cTan[(2) x], N ﬁ]
2 64274223

Result (type 4, 144 leaves):

3x2 3x2 3 -2-i+/2
i [1-—— [1-————— EllipticF[iArcSinh| |- x|, “ﬁ]
—2-i+2 2412 —2-1+2 2412

{\/? —; \2+4x%+3x4
\| -2-iv2

Problem 68: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+3x2+3x4
Optimal (type 4, 92 leaves, 1 step):

+ X2+ X4 . . 1/4
(2+\/?x2) /m E111pt1cF[2Ar‘cTan[(§) x|, i (4—\/?)]
2 644/2+3x%2+3x*4
Result (type 4, 144 leaves):

, 6 x? 6 x? L
i 1-——— |1-—————— EllipticF|
-3-1+v15 -3+1+V15

6 -3-1+15 1
J'lAr‘cSinh[ - x], = ] / V6 | -—————— [2+3x2+3 x4
-3-1+15 -3+1+15 -3-1+15
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Problem 69: Result unnecessarily involves imaginary or complex numbers.

1
j e —1
V2+2x2+3x4
Optimal (type 4, 92 leaves, 1 step):

2+2x%2+3x4

(2+\Exz)2
(2 6142 +2x%+3x*

Result (type 4, 144 leaves):

2 2 _1-3
1'1\/1—3)(\/1—3)( EllipticF[jAr‘cSinh[ - 3 X}, ! I\E]]/

(2+\/EX2) EllipticF[2ArcTan| ()1/4X}, L (6*\/?)] /

“1-i+/5 “1+1+/5 “1-1+/5 “1+1i+/5

{ﬁ o N2+2x243x4
\/ ~1-i+/5

Problem 70: Result unnecessarily involves imaginary or complex numbers.

1
—dx
J&\/ 2+x%2+3x4
Optimal (type 4, 88leaves, 1step):

2 +x2+3x4

(2+\/?X2)2
(2 6142+ x> +3x*

Result (type 4, 142 leaves):

(2+ﬁxz) EllipticF[2ArcTan| (3)1/4x}, L (12—\@)} /

2 24

1
Ve |- ———— J2+x23x

-1-1+vV23

Problem 71: Result unnecessarily involves imaginary or complex numbers.

1
Jidlx
V2+3x4
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Optimal (type 4, 72leaves, 1step):

(246 2] /(erz) EllipticF[2ArcTan[(2)""x], 2]
2 6Y42+3x%
Result (type 4, 25leaves):

1\1/4 1/4
7(7—) EllipticF[jArcSinh[[——) x|, -1]
6 2

Problem 72: Result unnecessarily involves imaginary or complex numbers.

1
—dx
J\/ 2-x2+3x4
Optimal (type 4, 90 leaves, 1step):

2-x2+3x4

(2+\/€X2>2
(2 6142 -x>+3x*

Result (type 4, 144 leaves):

(2+\/?x2) EllipticF[2ArcTan| (%)Ullx}, 1 (12+\/?H /

24

6 x2 6 x? 6 1-i+/23
i e —X 1—7XEllipticF[iAr‘cSinh[ - x], = ]/
23 1+1+vV23 1-1+23 1+1+vV23

1-1

1
[ﬁ N P

1-1+23

Problem 73: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-2x?+3x4
Optimal (type 4, 90 leaves, 1step):

2-2x%2+3x4

2
(2+x/6 XZ)
(2 6142 -2x>+3x*

Result (type 4, 144 leaves):

(2+\/?x2) EllipticF[ZAr‘cTan[(2)1/4X}, L (5+“/?)] /

2 12
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[[1‘1\/1 _3x* \/1L EllipticF[i ArcSinh[ |- 3 . 11‘1ﬁ]]/
_JL\/— 1+'\/? 1—]1\/? 1+],l\/?

[/W

Problem 74: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-3x2+3x4
Optimal (type 4, 90 leaves, 1step):

2.3 x2:3 x4 . . 3 1/4 1
(2+\/Ex2) 7(%;?):)2 E111pt1cF[2Ar‘cTan[(2) x|, ; (4+\E)]
2 642 3x2:3x
Result (type 4, 144 leaves):
2 2 N
B PR PRRLL S L - EllipticF[i ArcSinh[ |- ° x|, 2oV ] /
3-1i4/15 3+1+/15 3-1+/15 3+1i4/15

\6 —;x/2—3x2+3x4
{ ° \/ 3-14/15

Problem 75: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2-4x%+3x4
Optimal (type 4, 88leaves, 1 step):

_4x24 . . 1/4
(2+\/?x2) ﬁ E111pt1cF[2Ar‘cTan[(§) / x|, %+ -]

2 642 -4xT13x%
Result (type 4, 144 leaves):

3 2 3 2 3 2 -1 2
i 1o 3% 1- —X  EllipticF|iArcSinh| |- x], lr]/
2-i/2 2+i2 2-i/2 2+14/2

ot ]
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Problem 78: Result unnecessarily involves imaginary or complex numbers.

1
j ——ax

V3+9x2+2x4
Optimal (type 4, 110leaves, 1step):
6+ (97\/57 ) X2

6 + (9+ 57)X2

(64 (5457 €]

EllipticF[ArcTan| | = (9457 | x|, = (-1943+/57 | /

l6 (9+ﬁ) \J3+9x2+ 2%

Q|
FE

Result (type 4, 97 leaves):

1
2/3+9x2+2x%
~9+/57 -4x2 2X 23 2N
P i e e S mEllipticF[jAr‘cSinh[—], —+ ]
-9++/57 9 ++57 4 4

Problem 79: Result unnecessarily involves imaginary or complex numbers.

1
J e
V3+8x%+2x*
Optimal (type 4, 110leaves, 1step):

(3+ (4+W) x?)

EllipticF |[ArcTan| | (410 | x], -
3

w N

(5-2+10 ] /{ 3(4+4/10 ) \/348x212x"

Result (type 4, 98 leaves):
1

V6 +16 x2+4 x4

-4 ++/10 -2x? 2 13 4-+/10
T ARt IRV TSP EllipticF[i ArcSinh| x|, —+ ]
-4++/10 4++/10 3 3
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Problem 80: Result unnecessarily involves imaginary or complex numbers.

1
j e —1
V3+7x%+2x4
Optimal (type 4, 60leaves, 1 step):

| % (1 +2 XZ) EllipticF [Ar‘cTan [\/? x] , g]
V6 V317 x2 12X
Result (type 4, 61 leaves):

i V3+x? \/1+2x> EllipticF[iArcSinh[V2 x], 2]

V6 V3+7x%2+2x4

Problem 81: Result unnecessarily involves imaginary or complex numbers.

1
J—d]x
V3+6x2+2x*
Optimal (type 4, 104 leaves, 1step):
3+ (3-%?) X2
3+ (3+\/?) x2

3(3+\/?) \J3+6x%+2x

3+ (3++/3 ] x?) EllipticF[ArcTan| E(3+\/?) x],_1+\/?]/

3

Result (type 4, 90 leaves):

1 -3+4/3 -2x? 1
- i\/ * V3 - 2x \/3++/3 +2x? EllipticF|[iArcSinh| [1- —— x|, 2++/3 ]
N3

V6 +12x2+ 4 x4 —3+\/?
Problem 82: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+5x2+2x4
Optimal (type 4, 52leaves, 1 step):

(1+x2) /% EllipticF[ArcTan(x], 1]

V3 3+5x2+2x4

Result (type 4, 58 leaves):
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iV1+x? +/3+2x? EllipticF|[i ArcSinh| /% x|, %]

V6 +10 x% +4x*

Problem 83: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3+4x2+2x4
Optimal (type 4, 90 leaves, 1step):

2\ | 3:4x?i2x* R 2\ 1/4 11
(3+\/Ex ) 7(%@%)2 E111pt1cF[2Ar‘cTan[(3) x], N J?]
2 643 axTiax

Result (type 4, 144 leaves):

2 x2 2 x2 2 -2-1+2
i 1o —"— 1. =% EllipticF[iArcSinh[ |- x|, l\/—]
2-i/2 2412 —2-i2 “2+iq/2

[\/7 —; A3+4x?+2x*
\-—2-ivV2

Problem 84: Result unnecessarily involves imaginary or complex numbers.

1
J e — 1
V3+3x2+2x4
Optimal (type 4, 92 leaves, 1 step):

+ X2+ X4 s s 1/4
(3+\/?x2) lm E111pt1cF[2Ar‘cTan[(§) x|, i (4—\/?)]
2 6Y4/343x7+2x%
Result (type 4, 142 leaves):

, 4 x? 4 x? L
i [1-————— |1-——"—— EllipticF|
-3-1+15 -3+1+V15

1 -3-14/15 1
iArcSinh[2 |- x|, ! ] / 2 | -———— /3+3x¥+2x*
-3-i+/15 -3+1i+/15 -3-i+/15

Problem 85: Result unnecessarily involves imaginary or complex numbers.

1
J—dlx
V3+2x2+2x4
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Optimal (type 4, 92leaves, 1step):

3+2x2+2x4

2
(3+\/6 x2)
(2 6143 +2x>+2x*

Result (type 4, 144 leaves):

(3+\/?x2) EllipticF[2ArcTan| (—)1/4X}, = (5*“/?)] /

- J
“1-1+5 “1+i+/5 ~1-i+/5 “1+1+/5

[ﬁ /-; N3+2x2i2x4
~1-i4/5

Problem 86: Result unnecessarily involves imaginary or complex numbers.

1
——  dx

J\/ 3+x2+2x4

Optimal (type 4, 88leaves, 1step):

3+x2+2x4

(3+\Exz)2
(2 6143 +x>+2x

Result (type 4, 140leaves):

. 4 x2 4 x2 L
i |1-————— [1-——>—— EllipticF|
-1-1+23 -1+1+23

1 -1-1+v23

iArcSinh[2 |- X ]

-1-1+vV23 -1+1+vV23

(3+ﬁX2) EllipticF[zArcTan[(3)1/4X}, L (12-Ve6 |] /

3 24

1
2 |- —————— /3+x¥+2x*
/{ | -1-iv23

Problem 87: Result unnecessarily involves imaginary or complex numbers.

i — T ax
V3+2x4
Optimal (type 4, 72leaves, 1 step):

- o 1/4
(3+\/?x2) MElllptlcF[ZAr‘cTan[(z) x], ﬂ

2 6Y4+/3+2x4

2 2 -1-1
jjl 24"\/12—" EllipticF [i ArcSinh| |- 2 x| - lﬁ]
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Result (type 4, 25leaves):

1\1/4 2\ 1/4
—(—*) EllipticF[jArcSinh[[—f) x], —1]
6 3

Problem 88: Result unnecessarily involves imaginary or complex numbers.

1
—dx
J\/ 3-x2+2x4
Optimal (type 4, 90 leaves, 1step):

3-x2+2x4

(3+\/€X2>2
(2 6143 -x>+2x*

Result (type 4, 142leaves):

4 x? 4 x? 1 1-1i+v23
i [1-——— |1-————— EllipticF|iArcSinh[2 |- x|, = }/
1-i+/23 1+1i+/23 1-i+/23 1+1+/23
1
2 |- ————— /3-x*+2x*
1-1i+/23

Problem 89: Result unnecessarily involves imaginary or complex numbers.

(3+\/?x2) EllipticF|[2ArcTan| (5)1/4X}, L (12+\/?H /

3 24

1
J = ax
V3-2x2+2x4
Optimal (type 4, 90 leaves, 1step):

3-2x2+2x4

2
(3+x/6 X2>
(2 61/4+/3-2x>+2x*

Result (type 4, 144 leaves):

2 2 2 2 2 1-1 5
i 1o —"5— |1 —=% EllipticF[iArcSinh[ |- x], lr]/
1-1/5 1+1+/5 1-14/5 1+1/5

{ﬁ /-# J3-2x2+2x4
1-i+/5

(3+\/?x2) EllipticF[ZAr‘cTan[(—)1/4X}, — (5’”/?)] /




30 | Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~"m (a+b x~2+c x~4)"p.nb

Problem 90: Result unnecessarily involves imaginary or complex numbers.

1
j ——ax
V3-3x2+2x4
Optimal (type 4, 90leaves, 1 step):

e e [ et et 2

1/4
x|,
(3+\/€ xz)

(446 ]]

0 [

2 6Y4+/3-3x2+2x*
Result (type 4, 142leaves):

4 %2 4 x2 1 3-1+/15
i 1_— 1-— EllipticF[iAr‘cSinh[Z - X]: = } /
3+1+15 3-1+V15 3+1+vV15

{ N T

Problem 91: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V3-4x?+2x*
Optimal (type 4, 88leaves, 1step):

+

(3 +V6 xz) 7(3314&;:)42 EllipticF[2ArcTan| (f) He x|,

2 6V44/3-4xTi2x%
Result (type 4, 144 leaves):

2 2 2 2 2 2 -1 2
P P 1- —"%— EllipticF|i ArcSinh| |- x], lv_] /
2-1/2 2+14/2 2-14/2 2+14/2

ot

Problem 95: Result more than twice size of optimal antiderivative.

N =

=l
Ve

1
J dx
V-3+7x2-2x4
Optimal (type 4, 19leaves, 2 steps):
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s ot x ] &
ElllptlcF[Ar‘cCos[ﬁ}, ]
Vs

Result (type 4, 58 leaves):

Vi-2x* [1-% EllipticF|ArcSin[v/2 x], %]
V2 -3+ 7x2-2%8

Problem 97: Result more than twice size of optimal antiderivative.

1
J dx
V-3+5x2-2x*
Optimal (type 4, 14 leaves, 2 steps):

-E1llipticF [Ar‘cCos [ x] , 3]

Result (type 4, 53 leaves):

V3-2x2 V1-x2 EllipticF[Ar‘cSin[\/gx], a

V-6+10x2 - 4x

wN

Problem 98: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3+4x2-2x*
Optimal (type 4, 88leaves, 1step):

N |

+

(3 +/6 Xz) 3-axta2xt XAZ EllipticF [2 ArcTan [ ( %) v x] s

NS
(35 x| Ve

2 6Y4/-3+4x%2-2x4
Result (type 4, 144 leaves):

2 x2 2 %2 2 2-1+V2
i [1-—"— |1-——"— EllipticF[iArcSinh| |- x|, 1\/7]/
2-12 2412 2-12 2+12

[\/7 B A -3+4x?-2x
\| 2-iv2
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Problem 99: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3+3x2-2x4

Optimal (type 4, 90leaves, 1 step):

(3+\/?x2) 33xta2xt EllipticF[ZAr‘cTan[(;)
(3+\/€ XZ)Z 3

1/4 X] ,

(446 ]]

0 [

2 6Y4~-3+3x2-2x*
Result (type 4, 142leaves):

4 %2 4 x2 1 3-1+/15
i [1-————— |1-———— EllipticF[iArcSinh[2 |- x], 7 }/
3-i+/15 3+i+/15 3-i+/15 3+i+/15
1
2 [-———— +/-3+3x*-2x*
3-i+/15

Problem 100: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3+2x2-2x4

Optimal (type 4, 90leaves, 1 step):

3-2x%2+2x4

(3+\/?X2)2
(2 614/ -3+2x>-2x*

Result (type 4, 144 leaves):

2 2 2 2 2 1-1 5
i1 X g X EllipticF[i ArcSinh[ |- x|, 1\/—]/
1-1+/5 1+1+/5 1-1+5 1+1+5

[\/? S N -3+2x2-2x4
[ 1-iv5

Problem 101: Result unnecessarily involves imaginary or complex numbers.

(3+\/?x2) EllipticF|[2ArcTan| ()Wlx}, — (6+\/€)] /

1
J - ax
V-3+x2-2x4
Optimal (type 4, 88leaves, 1step):
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3-x2+2x4

(3+\/€X2)2
(2 614/ -3 +x>-2x*

Result (type 4, 140leaves):

, 4 x? 4 x? L , . 1 1-1i+/23
i [1-———— |1-———— EllipticF[iArcSinh[2 |- x|, }/
1-1+v23 1+1+vV23 1-1+23 1+1+vV23
1
2 [-————— /-3+x2-2x*
1-1+/23

Problem 102: Result unnecessarily involves imaginary or complex numbers.

(3+\/?x2) EllipticF|[2ArcTan| (2)1/4x}, E (12+\/?H /

24

1
——dx
J\/ -3-2x*4
Optimal (type 4, 72leaves, 1step):

(376 x| J%Elliptiﬁ[zmﬂan[(%)Mx], 5]
2 6423 2x
Result (type 4, 47 leaves):
(_i)”“mEllipticF[i ArcSinh[(—§>1/4X]; -1]

Vv-3-2x*

Problem 103: Result unnecessarily involves imaginary or complex numbers.

1
J - ax
V-3-x2-2x*
Optimal (type 4, 90 leaves, 1step):

34+x2+2x4

2
(3+x/6 xz)
(2 614~/ -3 -x>-2x*

Result (type 4, 142leaves):

(3+\/?x2) EllipticF[ZAr‘cTan[(3)1/4X}, L (12‘\/?)} /

3 24
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, 4 x2 4 x2 L
i [1-——— [1-——"—— EllipticF|
-1-1+23 -1+1+V23

“1-i
iArcSinh[2 |- x],

23]
-1-1i+v23 -1+1i+v23

1 2 4
/{2 __1_1'1@ A -3 -x°-2X

Problem 104: Result unnecessarily involves imaginary or complex numbers.

1
J dx
-3-2x%2-2x*

Optimal (type 4, 92 leaves, 1step):

3+2x2+2x4

(3+\EX2)2

(2 614/ -3-2x>-2x*

Result (type 4, 144 leaves):

(3+\/?x2) EllipticF[ZArcTan[(—)1/4X}, — (5‘“/?)] /

2 2 2 2 2 -1-1 5
i 1o —"5— 1. =% EllipticF[iArcSinh[ |- x|, lr]/
~1-i+/5 ~1+i+/5 -1-i+/5 ~1+14/5

[ﬁ /-; \J-3-2x2-2x
~1-i+/5

Problem 105: Result unnecessarily involves imaginary or complex numbers.

1
J dx

V-3-3x2-2x4
Optimal (type 4, 92 leaves, 1 step):

3:3x242 x* R 2\1/4 1
(3 +/6 Xz) | = EllipticF[2ArcTan| ( 3) x|, . (4 - \/E) ]
2 64~/ -3-3x2-2x4

Result (type 4, 142leaves):

1 -3-i+/15 1
iArcSinh[2 |- x| - ] / 2 |-————— 4/-3-3x*-2x*
-3-i+/15 -3+i+/15 -3-i+/15




Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~"m (a+b x~2+c x~4)"p.nb | 35

Problem 106: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-3-4x%-2x*
Optimal (type 4, 90leaves, 1 step):
3+4 x2+2 x4 . . 2 1/4 1 1
(3+\/?x2) /7(%@)(2)2 E111pt1cF[2Ar‘cTan[(3) x|, 3 - \/?]
2 6Y4/23-4x2-2x4
Result (type 4, 144 leaves):

2 x? 2x? 2 -2-i+/2
1J1 — \/1—7 EllipticF[i ArcSinh[ |- q iv2

1/

- J
—2-i+2 “2+i+2 “2-i+2 2+i+2

{\/? B \/34x22x4J
\/ —2-1i+2

Problem 107: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-3-5x2-2x*

Optimal (type 4, 53 leaves, 2 steps):

V/3+2x2 EllipticF[ArcTan(x], %]

\/? /717)(2 3+2x2

14x2

Result (type 4, 63 leaves):

iV1+x? +/3+2x? EllipticF|[i ArcSinh| /f x|, %]

V2 A/S3-5x2_2%4

Problem 108: Result more than twice size of optimal antiderivative.

1

J dx
V-2+6x2-3x*

Optimal (type 4, 42 leaves, 2 steps):

EllipticF[Ar‘cCos[ 3+33 x], % (1+\/?)]

\/7 31/4
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Result (type 4, 85leaves):

\J3-4/3 -3x? J2+ (—3+\/?) x? EllipticF[ArcSin|
(\/?w/—2+6x2—3x4

N |

(3+v3] x],zﬁ}]/

Problem 109: Result more than twice size of optimal antiderivative.

1
J dx
V-2+5x%-3x*

Optimal (type 4, 6leaves, 2 steps):
-EllipticF[ArcCos[x], 3]

Result (type 4, 53 leaves):

V2-3x2 \J1-x2 EllipticF[Ar‘cSin[\/?x], 2]

3

vV -6+15x2 - 9x4

Problem 110: Result unnecessarily involves imaginary or complex numbers.

1
j dx
V-2+4x%-3x*
Optimal (type 4, 88leaves, 1 step):

[ 2-ax _ 1/4
(2+\/?x2) ﬁ E111pt1cF[2Ar‘cTan[(§) / x|,

2 64+ -2+4x2-3x*

+

N =

=l
Ve

Result (type 4, 144 leaves):

3X2 3X2 3 2 -1 2
i [1-—mm— 1-—— EllipticF[iAr‘cSinh[ - X], lr]/
2-i+2 2+12 2-i+2 2412

1
1 2 4
V3 o ——— \/-2+4x2-3x
2-i+2

Problem 111: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2+3x2-3x4
Optimal (type 4, 90 leaves, 1step):
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(2 +6 xz) | —(Z:J’;iz";z EllipticF[2ArcTan| (i) v x|, i (4 + \/E) ]
2 6Y4+/-2+3x2-3x*
Result (type 4, 144 leaves):

6 x? 6 x? 6 3-1i4/15
e 2 2 EllipticF[i ArcSinh|[ |- x|, 2 ]/
3-i4/15 3+i+/15 3-i4/15 3+14/15

{W /—; A -2+3%x%-3x%x
3-i+/15

Problem 112: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2+2x%2-3x*

Optimal (type 4, 90 leaves, 1step):

2-2x%2+3x4

2
(246 »?]
(2 64~/ -2+2x* -3 x*

Result (type 4, 144 leaves):

3 x2 3 x2 3 1-1+5
i 1o —— |1- 2% EllipticF[i ArcSinh[ |- x], 1\/7]/
1-i+/5 1+1i+/5 1-i+/5 1+i+/5

[v? /-; \J-2+2x2-3x*
1-i+/5

Problem 113: Result unnecessarily involves imaginary or complex numbers.

(2+\/?x2) EllipticF[ZAr‘cTan[(—)1/4X}, L (5+“/€)] /

1
j = ax
V-2+x2-3x4
Optimal (type 4, 88leaves, 1 step):

2-x2+3x4

2
(2+\/6 xz)
(2 614/ -2+x>-3x*

Result (type 4, 142leaves):

(246 x| EllipticF[zArcTan[(5)1/4@, L (12+6 |] /

2 24
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1/

6 x? 6 x? 6 1-i+/23
e 2 2 EllipticF[i ArcSinh[ |- x|, =
-i+/23 1+i+/23 1-i+/23 1+i+/23

{\/E - x/—2+x2—3x4J

1
1-1i+23
Problem 114: Result unnecessarily involves imaginary or complex numbers.

1
—— dXx
J\/ -2-3x4
Optimal (type 4, 72leaves, 1step):

(246 % mEllipticF[ZArcTan[(2)1/4x], 7]
2 6Y4/-2-3x%
Result (type 4, 47 leaves):
(<) V2 35® Elliptick [iArcsinh [ (-2) " x], 1]

Problem 115: Result unnecessarily involves imaginary or complex numbers.

1
J - ax
V-2-x2-3x4
Optimal (type 4, 90 leaves, 1 step):

2+x2+3x4

2
(2+\/6 x2)
(2 614/ -2-x>-3x*

Result (type 4, 144 leaves):

, 6 x? 6 x? L
i |[1-———— |1-————— EllipticF|
-1-1+23 -1+1+23

EllipticF[2ArcTan| [5)1/4 x|, L (12 - \/E> ] /

2 24

(2+\/€X2)

6 -1-1+23 1
iArcSinh|[ |- x|, = ] / Ve |- ———— J2-x2_3x4
-1-1+v23 -1+1+vV23 -1-1+23
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Problem 116: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2-2x?-3x4

Optimal (type 4, 92 leaves, 1 step):

2+2x%2+3x4

(2+\Exz)2
(2 614/ -2-2x>-3x*

Result (type 4, 144 leaves):

2 2 _1-3
1'1\/1—3)(\/1—3)( EllipticF[jAr‘cSinh[ - 3 X}, ! I\E]]/

(2+\/EX2) EllipticF[2ArcTan| ()1/4X}, L (6*\/?)] /

“1-i+/5 “1+1+/5 “1-1+/5 “1+1i+/5

{ﬁ ot N -2-2x2-3x
\/ ~1-i+/5

Problem 117: Result unnecessarily involves imaginary or complex numbers.

1

J dx
V-2-3x2-3x%

Optimal (type 4, 92 leaves, 1 step):

(2+\/?x2) ﬁ EllipticF[ZAr‘cTan[(%)1/4x], i (4—\/3)]
+ X

2644/ -2-3x2-3x4
Result (type 4, 144 leaves):

, 6 x? 6 x? L
i [1-———— |1-——"—— EllipticF|
-3-1+v15 -3+1+V15
6

J'lAr'cSinh[ - x],_a_jl 15]/
-3-1+15 -3+1+15

1
Ve |-t 23k 3
-3-1+15

Problem 118: Result unnecessarily involves imaginary or complex numbers.

|

1

J dx
V-2-4x2-3x4

Optimal (type 4, 90 leaves, 1step):
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2 2+4 x2+3 x* s s 3 1/4 i1
(246 x| PR EllipticF [2ArcTan[ (2] x], 2 =]
2 64 -2-4x?-3x*
Result (type 4, 144 leaves):
3 x2 3 x2 3 -2-1i+/2
Y 1_7)( 1_—X EllipticF[ler'cSinh[ - x}, l\/—] /
2-ivV2 2412 —2-iv2 —2+iV2

{ﬁ ot A -2-4x2-3x4
\/ —2-i+/2

Problem 119: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V-2-5x2-3x*
Optimal (type 4, 52 leaves, 2 steps):
V-2-3x? EllipticF [Ar‘cTan [X], - ﬂ

14x2

Result (type 4, 63 leaves):

i V1+x? \/2+3x* EllipticF[iArcSinh[ |2 x], 2]

V3 A/ -2-5x2-3x4

Problem 120: Result unnecessarily involves imaginary or complex numbers.

1
j e —1
V2+5x%+5x%
Optimal (type 4, 92 leaves, 1 step):

2+5x2+5x4

(2+\/§X2)2

(2 101/4x/2+5x2+5x4)

Result (type 4, 144 leaves):

(2+\/ﬁxz) EllipticF[ZAr‘cTan[ (5]1/4@, i (4—\/5)] /

2
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. 10 x? 10 x? L
i [1-——— [1-——"—— EllipticF|
-5-1+15 -5+1+15

10 -5-1i4/15 1
/\/10 e J2+5x%2+5x%x*

-5-1+v15

i ArcSinh[ | - x|, ]

-5-1+v15 -5+1+vV15

Problem 121: Result unnecessarily involves imaginary or complex numbers.

1
J e —1
V2+5x2+4x4
Optimal (type 4, 90 leaves, 1 step):

245 x2+4 x* . . 1
(1 /2 xz) / 7(1+ﬁ Xz)z EllipticF [2 ArcTan [21/4 x} > 1 (8 -5 \E) }
22342 4+5x%x2+4x*
Result (type 4, 147 leaves):

8 2 8 2 2 -5 -1 7
i 1o ———— 1. = EllipticF[iArcSinh[2 |- x|, 1\/—]
—5-i7 5437 —5-i7 5417

1
22 |-———— \J2+5x2+a4x*
“5_-i+7

/

Problem 122: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+5x%+3x4
Optimal (type 4, 52leaves, 1 step):

(1+x2) | % EllipticF [ArcTan[x], - ﬂ
V2 A2+5x2+3x4
Result (type 4, 58 leaves):

iV1+x2 V/2+3x2 EllipticF[nArcSinh[ﬁx}, 2]

V6 +15x%+9x*

Problem 123: Result unnecessarily involves imaginary or complex numbers.

1
J—dlx
V2+5x%+2x4
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Optimal (type 4, 58 leaves, 1step):

| 225 (1+2x?) EllipticF[ArcTan[V/2 x], 2]
2V2+5x2+2x4
Result (type 4, 58 leaves):

iv2+x2 V/1+2x2 EllipticF[jArcSinh[\/?x], i]

2V2+5x%x%2+2x4

Problem 124: Result unnecessarily involves imaginary or complex numbers.

1
e
Optimal (type 4, 108 leaves, 1step):
4+ (5 - \/F) X2

+ (5 + W) X2

(2\/5“/17 A2 +5%x%+x*

Result (type 4, 103 leaves):

(44 (54717 | %) EllipticF[ArcTan[§\/5+\/ﬁ x], (717+5\/F)]/

FNQN

\/5 V17 +2x? \/5+x/17 +2x? EllipticF[i ArcSinh|

{ 2 (5-\/?) \J2+5x2+ x4

Problem 125: Result unnecessarily involves imaginary or complex numbers.

1
—dx

J\/ 2+5x2-x*4

Optimal (type 4, 48 leaves, 2 steps):

2 1
EllipticF [Ar‘cSin [ x] y —
-5++/33 54++/33 4

(-29-5+33 )]

Result (type 4, 55 leaves):

33
/ EllipticF[i ArcSinh| ]
-5+
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Problem 126: Result unnecessarily involves imaginary or complex numbers.

1
j ——ax
V2+5x2-2x*
Optimal (type 4, 45leaves, 2 steps):

2 EllipticF|Arcsin[— ], (-33-5+/41 )]
~5++/41 TS

Result (type 4, 52 leaves):

0 |-

2 X 33 5+/41
-+

EllipticF[i ArcSinh| ———],

~/ 8 8
5++41 _5 a1

]

Problem 127: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J = ax
V2+5x%-3x*
Optimal (type 4, 10leaves, 2 steps):

X
EllipticF [ArcSin[——], - 6|
V2

Result (type 4, 65 leaves):
i [1- /14+3x% EllipticF[i ArcSinh[V3 x|, - 1]
V3 V/2+5x2-3%

Problem 128: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+5x2-4x*
Optimal (type 4, 49leaves, 2 steps):

2 EllipticF[Arcsin|2 2], 2 (-41-5+/57 |]
-5+4/57 5+4/57 16

Result (type 4, 56 leaves):

-i EllipticF[i Arcsinh[2 | ———— x|, — (-41+5/57 |]

5+/57 ~54+4/57 16
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Problem 129: Result unnecessarily involves imaginary or complex numbers.

1
j e —1
V2+5x%-5x*
Optimal (type 4, 48 leaves, 2 steps):

E1lipticF [ArcSin | x|, = (-9-+65 )]
-5+/65 5++/65 4
Result (type 4, 52 leaves):
-i EllipticF[i Arcsinh[ =[5 65 x|, - (-9++65 ]
5+ \/E 2 4

Problem 130: Result unnecessarily involves imaginary or complex numbers.

1
J ——ax
V2+5x?-6x*
Optimal (type 4, 49leaves, 2 steps):

—————— EllipticF[ArcSin]| -49-5+/73 )]
\73 \[73 24

Result (type 4, 56 leaves):

N . 3 1
ElllpthF[j Ar‘c51nh[2 —_— X], —

54++/73 -54++/73 24 (

_49+5\/ﬁ)}

Problem 131: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J—dlx
V2+5x2-7x4

Optimal (type 4, 12leaves, 2 steps):
EllipticF [Ar‘cSin [x], - Z]

2
V2
Result (type 4, 65 leaves):

iV1-x2 V2+7x2 EllipticF[nArcSinh[ﬁx}, - 2]

V7 V2+5x2-7x4
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Problem 132: Result unnecessarily involves imaginary or complex numbers.

1
j ——ax
V2+5x?-8x*
Optimal (type 4, 45leaves, 2 steps):

EllipticF[Arcsin| — ], = (-57-5+/89 ]
_5++/89 5. /89 32
Result (type 4, 52 leaves):
i E11iptick [ Arcsinh [ —— ], = (-57.5/89 |]
5++/89 5.+/89 32

Problem 133: Result unnecessarily involves imaginary or complex numbers.

1
J = ax
V2+5x2-9x*
Optimal (type 4, 49 leaves, 2 steps):

2 2
E111pt1cF Ar‘c51n
7 5++v9

-5++9

~61-597 ||

Result (type 4, 56 leaves):

EllipticF [i ArcSinh| -61+5/97 ||
N sever \/

Problem 171: Result more than twice size of optimal antiderivative.

(bx?+cx4) 3
J SRR ax
X15
Optimal (type 1, 19leaves, 2 steps):
(b+cx?) 4
8bx8

Result (type 1, 43 leaves):
b b’c 3bc® ¢

8x8 2x® 4x4 2 x?
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Problem 352: Result unnecessarily involves imaginary or complex numbers.
Jx”z A/ bx?+cx* dx

Optimal (type 4, 323 leaves, 8 steps):
28b%x*/2 (b + ¢ x?)

195 ¢5/2 (\/b +\/?x) Vb x2%+cx?
28b2/x Vbx2+cx* 4bx52/bx%®+cx? 2 2 2
+ A bxs+cxt -

4+ — X9/2
585 c? 117 ¢ 13

2 1/4
286%/4x (Vb +/c x| — 22X Elliptice[2arcTan|S VX S /
(VB Ve %) bie 2
(195 4 bx*+ext |+
2 1/4
14b%4x (Vb + e x| —2+¥ EllipticF[2arcTan|S VX S /
(VB - Ve x)? be 2

(195 4\ /bx?+cx?

Result (type 4, 201 leaves):

]'l\/?X
Vb

c x2 | Cc X

42b72 |1+ EllipticE[i ArcSinh] Ve |, -1] -
b Vb
c x2 | C

42072 |1+ <= EllipticF[i ArcSinh| ive x ], -1] /
b Vb

sssc2 | YVCX LA o)
Vb

Problem 353: Result unnecessarily involves imaginary or complex numbers.
JXS/Z A/ bx?+cx* dx

Optimal (type 4, 176 leaves, 6 steps):

2x32 |c x

(-14b>-4b*>cx*+55bc® x* + 453 x®) +
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20b2+Vbx2+cx* 4bx32+bx?+cx? 2 2 2
- A/ bx*+cx* +

" PN I
231 c?2+/x 77 c 11

2 1/4
10 bl1/4 (WJr\/?X) o brexd EllipticF[ZAr‘cTan[ﬂ}, 1] /
(Vo +e x| bt 2

(231 c?*/bx?*+cx*

Result (type 4, 133 leaves):

1 X2 (b+cx2>
231
b
20ib® [1+ 2 EllipticF[iArcSinh| L ], -1]
2 (—10b2+6bcx2+21c2x4) cx? Vx
+
2
< Vx ive 2 (b+cx?)
N

Problem 354: Result unnecessarily involves imaginary or complex numbers.
Jx3/2x/bx2+cx4 dx

Optimal (type 4, 293 leaves, 7 steps):

4b2x32 (b+cx?) ab~/x Vbx2+cxt 2 5/2 [ 42 4
- + + — X bx“+cx® +
15C3/2 (\/FJr\EX) \/m 45c °
b 2 1/4 1
4 %% x (\/FJr\/?X) Lz EllipticE[ZAr‘cTan[# =] /
(\/F+\/c_x) b*/ 2
(15 74 [bx® v ext | -
b 2 1/4 1
2 b4 x (Wm/?x) . brexr EllipticF[ZArcTan[i}, =] /
(Vo +ve %) ot 2

[15 7 \/bx?+cxt

Result (type 4, 190 leaves):
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2x32 |\c x ive x <2b2+7bcx2+5c2x4)—
)
c x? ive X
6b°'2 |1+ —— EllipticE[i ArcSinh| ive ], -1] +
b Vb

%

2 .
6b5/2 |1+ € EllipticF[j Ar‘cSinh[ = . }, —1] /
b \/F
45 c3/2 @ [XZ (b+CX2>
Vb

Problem 355: Result unnecessarily involves imaginary or complex numbers.
J\'\/;’\,bXZ‘FCXA' dx

Optimal (type 4, 146 leaves, 5 steps):

4b+Vbx%2+cxt 2 0
—+—X3/2 bX2+CX4*
21 c/x 7

2 1/4
2b7/4 x (WJr\/?x) _ brex EllipticF[ZAr‘cTan[c Vx , 1} /
2

(\/FJr\/?X)Z b1/4

[21 c®*/bx?+cx?

Result (type 4, 120leaves):

o

ib
4ibz\FEllipticF[iArcSinh[E], -1]
1 5 2 4b 3/2 CX i
— X (brcx?) | ——+6x¥2-
21
cVx: Db ¢ (pycx)

Ve

Problem 356: Result unnecessarily involves imaginary or complex numbers.
Vbx2icx®
=
Optimal (type 4, 263 leaves, 6 steps):

dx
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3/2 2
4bx <b+cx) +E\/7 libxhrcx“—

5\/?(\/?+\/?x)\/bx2+cx4 5

2 1/4
464 x (Vo ++/c x| _brext E1lipticE[2 ArcTan |~ Vx 1} /
(W+ﬁx)2 b®/* 2
(5c3/4x/bx2+cx4 ) +
2 1/4
2b%/%4 x (\/FJrV?x) _ brex? EllipticF[ZAr‘cTan[c Vx 1} /
(W+ﬁx)2 b*/* 2
(5c3/4x/bx2+cx4
Result (type 4, 176 leaves):
2X3/2
. 2 .
Ve x ive x (b+cx?) +2b¥2 |1+ X EllipticE[i ArcSinh| ive x |, -1] -2b%2
Vb b Vb
2 . .
1+ EllipticF[i ArcSinh| ive x ], -1] / 5vVc ive x \Jx* (b+cx?)
b Vo Vo
Problem 357: Result unnecessarily involves imaginary or complex numbers.
Vbx?+cx*
T
Optimal (type 4, 118 leaves, 4 steps):
NP 4 2 1/4
2bx—+cx+ 2b3%x (\/F-%—\/?X) o brex? EllipticF[ZAr‘cTan[C VX s l] /
34/x (\/F+\/?x)2 pl/4 )

(3 c4/bx%*+cxt

Result (type 4, 102 leaves):
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i
. b . . . . \/T
) — . 2ib [1+- EllipticF[iArcSinh| o ], -1]
— /%% (b+cx?) +
3 VX
X Db (becx?)
C

Problem 358: Result unnecessarily involves imaginary or complex numbers.

Vb x?%+cx?t 4
J 572 x
Optimal (type 4, 254 leaves, 6 steps):
4-/c x372 (b+cx2) 2vVbx2+cx4 1
(\/F+\/?x)\/bx2+cx4 x3/2 bx?+cx*
2 1/4
4 b4 14 x (\er\/?x) _ brex? EllipticE[ZAr‘cTan[c Vx s 1} +
(Vb = ve x)? pre 2
2 1/4
;Zbl/4 cl/4x (\/FJr\/?x) _ brex EllipticF[ZAr‘cTan[C W], 1}
Vb x%+cx? (\/F+\/?X)2 /4 2
Result (type 4, 175leaves):
v | [ e -
Vb

2 .
24/b v/ x |1+ EllipticE[i ArcSinh| lﬁx],-lpzﬁﬁx
| b

Vb
) . .
1+ % EllipticF[i ArcSinh| ie x ], -1] / ie x X (b+cx?)
b Vb

Vb

Problem 359: Result unnecessarily involves imaginary or complex numbers.
J\/bx2+cx4

x7/2

dx

Optimal (type 4, 118 leaves, 4 steps):
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\/ﬁ 2 1/4
_2bx—+cx+ 234 x (\/F+\/?x) _ brexd EllipticF[ZAr‘cTan[ﬂ], l} /
3X5/2 ('\/F+'\/?X)2 b1/4 2

(3 b4 /b x%+cx*

Result (type 4, 104 leaves):

ifo
2ic |1+ -2 EllipticF[iArcSinh| L ], -1]
2 1 c X VX
—/x* (b+rcx?) |- +
3 x°/2

ive (b+cx?)
,\/?

Problem 360: Result unnecessarily involves imaginary or complex numbers.
J\/bx2+cx4 4

x9/2

X

Optimal (type 4, 293 leaves, 7 steps):

43232 (b+cx?) 2vVbx2+cxt 4c/bxZicxt
Sb(\er\/?x)\/bszrcx“ 5x7/2 5bx*/2
b+cx? cl/4/x 1
454 x (WJr\/?x) : ; EllipticE[ZAr‘cTan[li\é/l— =] /
(Vo /e x| e 2
[5b3/4«/bx2+cx4)+
b+cx? cl/4+/x 1
2c%%x (\er\/?x) - ; EllipticF[ZAr‘cTan[li\ﬁ— =] /
Vb e x) bt 2

[5b3/4\/bx2+cx4)

Result (type 4, 196 leaves):
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J‘L\/c_x
Vb

cx? i\ C X
2vb 2% |1+ EllipticE[i ArcSinh| | - |, -1] +2+/b 2%
b /b \/

EllipticF[i ArcSinh| 1\/?)(],_1] /5bx3/2 ive x \/ X2 (b+cx?) ]

(b2+3bCX2+2C2X4) -

Vb

Problem 361: Result unnecessarily involves imaginary or complex numbers.
J\/bx2+cx4

x11/2

dx

Optimal (type 4, 146 leaves, 5 steps):
2vVbx?2+cx*  4c/bx?+cx?

7X9/2 N 21bx5/2

b 2 1/4
2¢74x (Vb + e x| — 2 EllipticF[2ArcTan|© VX

1
(Vo e x| e 1)/

(21 b>/4+/b x? + c x*

Result (type 4, 122leaves):

1o
2 (3b+2¢x2) 41c2mElllpt1cF[nAr‘c51nh[ o |,

1 X2 (b+cx2) - o
21 X
b [£L (b+cx?)

C

Problem 362: Result unnecessarily involves imaginary or complex numbers.
J\/bx2+cx4

X13/2

dx

Optimal (type 4, 323 leaves, 8 steps):
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4c>2x3/2 (b+cx?) 2Vbx2+cx*  4c/bx?+cx*  4c2/bx2+cxt
- - - + +
15 b2 (\/b +c x) Vbx?+cx* 9 xit/2 45bx712 15b% x*/2

2 1/4
4% x (\/F+\/?x) ﬁ EllipticE[zArcTan[#}, 1} /
Vb e x b 2

(15 b7/4+/b x? + c x*

2 1/4 )
2% x (\/b +c x) _ brex EllipticF[ZAr‘cTan[iC X B 1} /
(Vo + e x| bt 2

(15 b7/4+/b x? + c x*

Result (type 4, 209 leaves):

]'L\/?X
Vb

c x2
6b c*2x> |1+ EllipticE i ArcSinh|
b
c x2
6vVb c>2x5 |1+ EllipticF i ArcSinh|
b
ivVc X
45 b? x7/? L NG (b +C xz)
Vb

Problem 363: Result unnecessarily involves imaginary or complex numbers.
J\/bx2+cx4

x15/2

(-5b*-7b?cx*+4bc?x*+ 63 x8) -

dx

Optimal (type 4, 176 leaves, 6 steps):
2Vbx2+cx* 4cybx?+cx* 20c?\Vbx?+cxt

11 x13/2 77 b x°/2 231 b? x>/2

b CX2 c1/4 X
10 c11/4 (WJr\EX) e EllipticF 2Ar‘cTan[i

1
(\/F+\Ex)2 bl/4 ,2] /
(231b9/4x1bx2+cx4

Result (type 4, 133 leaves):
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L e (b+cx?)
231
ivfo.
20ic® [1+ -2 EllipticF[iArcSinh| L ], -1]
2 (-21b-6bcx?+10c?x*) cx? Vx
;

bZ X13/2
b2 M\/@ (b+cx?)

C

Problem 364: Result unnecessarily involves imaginary or complex numbers.
Jx”z (bx2+cx4)3/2 dx

Optimal (type 4, 350 leaves, 9 steps):

56 b* x3/2 (b+cx2) 56 b Vx Vbx2icxt
- +
1105 ¢>2 (+/b +v/c x| VbxZrcx* 3315 ¢2
8b2x5/2/bx2+cx* 12 9
+ +—bx9/2\/m+_)(5/2 (bx2+cx4)3/2_
663 ¢ 221 17
b+cx? /4 [x 1
56 bl7/4 x (\/FJr\EX) + 2 EllipticE[ZArcTan[% =y /
(\/F+\Ex) b/ 2
(1105 c11/4\/m N
b+cx? /4 x 1
28 b17/4 x (\/FJr\EX) + 2 EllipticF[ZAr‘CTan[% =y /
(\/F+\Ex) b/ 2

(1105 4\ /b x*+cx?

Result (type 4, 212leaves):
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'\/?X
Vb

5 .
gap? |1+ ¢ EllipticE[i ArcSinh| Ve x |, -1] -
b Vb
. .
84b9/2\/IEllipticF[iAr‘cSinh[\/ﬁ], -1] /
b b
sags 52 | Ve x a3l
Vb

Problem 365: Result unnecessarily involves imaginary or complex numbers.

J\/? (bx2+cx4>3/2d1x

(-28b*-8b%cx®+305b% c® x* +480 b c?x®+195c* x¥) +

Q‘

Optimal (type 4, 203 leaves, 7 steps):

8b3vVbx2+cx* 8b2x32+/bx%2+cx? 4 2
- AbxZ+ext + — x3/? (bx2+cx4)3/2+

N + — b x’/?
231 c2+/x 385 ¢ 25 15
b 5 1/4 1
4 b15/4 x (\/Fﬁ/?x) LZ EllipticF[ZAr‘cTan[#], =] /
(Vo e x| b/ 2

(231 c?*+/bx*+cx*

Result (type 4, 164 leaves):

i/b
2 | —— x¥?(-20b*-8b>cx?+131b*° > x*+196b > x® + 77 c* x®) +

Ve

ivb
b Ve i /b
401ib* |1+ x? E1lipticF [i ArcSinh | ———], -1] / 1155 ivh c®/x* (b+cx?)
c x? VX NI

Problem 366: Result unnecessarily involves imaginary or complex numbers.

)3/2

(bx2+cx4
J—dlx
+ x
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Optimal (type 4, 320 leaves, 8steps):
803 x*/2 (b+cx?)

652 (VB e x| Vo rext
8 b2 Vb x2+cx? 4 2
Vx bt cx + —bx*’2/bx?+cx +—W(bxz+cx4)3/2+
39 13

+

195 ¢
b 2 1/4 1
8 b13/4 x (W+\Ex) rex ; EllipticE[ZAr‘cTan[# =] /
(\/F+\/?x) bt/ 2
[65 NPT
b 2 1/4 1
4 bl3/4 (W+\Ex) +CX - EllipticF[ZAf‘CTan[# » *} /
(\/FJr\/?x) bt/ 2
(65 74 Jbx® e cxt
Result (type 4, 201 leaves):
i V¢
232 [\/c x @ <4b3+29b2cx2+40bc2x4+15c3x6)—
Vb

) .

12072 |14 5 EllipticE[i ArcSinh| Ve x |, -1] +
b Vb
) .

12072 [1. % EllipticF[i ArcSinh| ive x ], -1} /
b Vb

o5 e | EVEX e ae)
Vb

Problem 367: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx4)3/2
— dXx
J 3/2

Optimal (type 4, 173 leaves, 6 steps):
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8 b2 /b x2 412 2 (bx2+cx#4)??
xrex + —bx¥?2\/bx?+cx* + < ) -
77 c/x 77 11+/x
b 2 1/4 1
464 x (Vb ++/c x| Lz EllipticF[ZAr‘cTan[#], =] /
(\/F+ﬁx) bt/ 2
(77c5/4x1bx2+cx4
Result (type 4, 153 leaves):
i Vb
2 i x*2 (40> +17b% cx* +20b ?x* + 7 * x°) -
Ve

i\/b
b \/7 1 VDb
8ib> |1+ - C xz(b+cx2)
c x2 Jx N

Problem 368: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx4)3/2
J 572

Optimal (type 4, 290 leaves, 7 steps):

dx

8b2x%/2 (b+cx?) b\/— N 2 (bx2+cxt)®?
— \/ X +CX -
15\/?(%+\/c_x)\/bx2+cx 9x3/2
2 1/4
8674 x (b +/c x| _ brex? EllipticE[ZAr‘cTan{ﬂ], 1} /
(Vo +e x| bt 2

+

(15 34 /bx*+cx?

2 1/4
4094 x (\/FJr%X) _ brexd EllipticF[ZAr‘cTan[ﬂ], 1} /
(Vo + e x| bt% 72

(15 c3*+/bx*+cx?

Result (type 4, 190 leaves):
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ive
Vb

12652 |1+ ' ], -1] -
Vb

X

2 X3/2

(11b2+16bcx2+5c2x4) n

iV X
12 b>/2 —— EllipticF 1Ar~c51nh[ ive ],—1] /
Vb
45+/c ive x b+cx
Vb

Problem 369: Result unnecessarily involves imaginary or complex numbers.

dx

(bx2+cx4)3/2
J X7/2
Optimal (type 4, 143 leaves, 5steps):
4b/bx?+cxt 2 (bx2+cxt)??

N
7\/; 7X5/2

+

2 1/4
4b7% (\/F+V?x) o brex EllipticF[ZAr‘CTan{ﬂ]: l} /
(Vo + e x| bt 2

(7c1/4«/bx2+cx4)

Result (type 4, 119leaves):
1

7+/x* (b+cx?)

8

4ib? |1+ /x EllipticF[iArcSinh|
X

4

2x3213b%2+4bcx?+c2xt+

ivb
Ve

Problem 370: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx4)3/2
J— dx
¥2/2
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Optimal (type 4, 286 leaves, 7 steps):

24b+c x3/2 (b +c x? 12 2 (bx?+cx4)3? 1
( ) + = cx \Jbx?rcxt - ( ) -
5(\/b +1/c x)\/bx2+cx4 5

X712 5Vbx2+cxt
b c 2 C1/4 1
24054 M x (Vo ++/c x| +—X2 EllipticE[zArcTan[lii;], =]+
(W+\/?x> bt/ 2
1 b+cx? cl/4/x 1
—————12b%4 ¥4 x (\/F-%—\/?X) B S EllipticF[ZAr‘cTan[i], =]
54vbx?+cx* (\/F+\/?x)2 pl/a 2
Result (type 4, 190 leaves):
2+/x ive x (—5b2—4bcx2+c2x4)+
Vb

c x? i+c
12b32+/c x [1+ X EllipticE|i ArcSinh| = X |, -1] -12b¥2+/c x
b A/

2

b
1, EllipticF[i ArcSinh| ive x ], -1] / 5 ive x \[x* (b+cx?)
b Vb Vb

Problem 371: Result unnecessarily involves imaginary or complex numbers.

j(bszrcx“)g/2

X11/2

dx

Optimal (type 4, 143 leaves, 5steps):
4c/bx*+cx? Z(bX2+CX4>3/2

1
.
34/x 3x9/2 34v/bx2+cx4
b 2 1/4 1
4 b3 34 x (\/FJrV?x) Lz EllipticF[ZAr‘cTan[#}, =]
(\/FJr\/?x) bt/ 2

Result (type 4, 111 leaves):

[c
dibc [1+-2 x5 EllipticF{jAr‘cSinh[f ],71}
cXx
2 |-b2+c2x*+
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Problem 372: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx4)3/2
J X13/2

Optimal (type 4, 287 leaves, 7 steps):

dx

24 3232 (b+cx?) 12c¢Vbx®+cxt 2 (bx?+cxt)?? 1
5 (Vb Ve x] Vbx?ext 5772 572 5/bx? 4 cxt
2 1/4

24 bl/4 ¢5/4 (\/F+\/?x) _ brex? EllipticE[ZAr‘cTan[C W], l] +

(\/?+\/?x)2 bt/ 2

2 1/4

s qoblACSlAy (\/F+\EX) L Ellip‘ticF[ZAr‘cTan[c \/;], 1]
5ot cx (Vo « Ve x)? 2

Result (type 4, 193 leaves):

J'L\Ex
Vb

c x? ive X c x?
12+/b 2x3 |1+ E1lipticE[i ArcSinh[ | - |, -1] +12v/b 2% |1+ —
\ b Vb \ b

b
EllipticF[i ArcSinh| ive x |, -1] / 5x3/2 l\/_ﬂ A/ X2 (b+cx?)
\ Vo

Vb

(b2+8bcx+7c?x?) -

Problem 373: Result unnecessarily involves imaginary or complex numbers.

dx

J(bx2+cx4)3/2

X15/2
Optimal (type 4, 143 leaves, 5 steps):
4cbx?+cxt 2(bx2+cx4)3/2

- - +
7X5/2 7 X13/2

b 2 1/4
4c7*x (\/FJr\/?x) e EllipticF[ZAr‘cTan[C Vx

1
(Vo e x| w2/

[7b1/4\/bx2+cx4)

Result (type 4, 120leaves):
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aic [10 0 x/2E1liptick [i Arcsinh[ ], 1]
2 |-b?2-4bcx?-3c?x*+ - *
ifb
Je

7 x5/2 [ x2 (b+cx2)

Problem 374: Result unnecessarily involves imaginary or complex numbers.

J(bszrcx“)S/2

x17/2

dx

Optimal (type 4, 320 leaves, 8steps):

8 c>/2x3/2 <b+CX2) 4cbx2+cx* 8c2Vbx2+cx* 2(bx2+cx4)3/2

156 (/b + v/ x) VbxZrcxt 15 x7/2 15 b x3/2 9 x15/2
b+cx? cl/4+/x 1

8 ¢4 x (\/FJr\/?X) = EllipticE[ZAr‘cTan[i » —] /
(\/FJr\/?X)z bt/* 2

[15b3/4\/bx2+cx4 +

b+cx? 4/ x 1

4 c%*% x (\/FJr\/?X) B A EllipticF[ZAr‘cTan[i =] /
2

(\/FJr\/?x)z bt/*
[15 b3/4+/b x?+cx*

Result (type 4, 209 leaves):

i\/?x
Vb

c x? L/ € c x?
126 ¢5/2x° |1+~ EllipticE[i ArcSinh| ive x ], -1] +124/b ¢5/2x5 [14 <5
b Jb b

X7/2

EllipticF[i ArcSinh| jgx],-q /45b /i\/\/gx \x* (b+cx?)

(5b3+16b2cx2+23bc2x4+12c3x5) -

Problem 375: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx“)3/2
J— dx
X19/2

Optimal (type 4, 173 leaves, 6 steps):
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12cvVbx2+cx* 8c2\Vbx2+cxt Z(bXZJrCX“)B/2

77 X9/2 77 b X5/2 11 X17/2

b+cx?

o Ve

EllipticF[2ArcTan|

c1/4\/;
R

b1/4

4 c11/4 x (\/F+\/?x)

(77 b>/4+/b x? + c x*

Result (type 4, 154 leaves):

ivb
N3

(7b3+2eb2cx2+17bc2x4+4c3x6) +41ic?

EllipticF[i ArcSinh]

Problem 376: Result unnecessarily involves imaginary or complex numbers.

(bx2+cx4)3’/2
J— dx
X21/2

Optimal (type 4, 350 leaves, 9 steps):
8 c7/2 x3/2 <b+cx2) 4cbx?+cxt
65 b2 (\/F+\/c_x) Vb x?+cxt 39 xtt/2

8c2Vbx*+cxt 8c3Vbx2+cxt 2(bx2+cx4)3/2

+ - +
195 b x7/2 65 b2 x3/2 13 x19/2
b+ cx? cl/4+/x 1
8 c13/4 x (\/F+\/?x) ’ ; EllipticE[ZAr‘cTan[li\i— f} /
(\/F+\/?x) bt/ 2
(65 b7/4\/bx*>+cx* |-
b+ cx? cl/4+/x 1
4 c3/4 x (\E+\Ex) * ; EllipticF[ZAr‘cTan[li\i— f} /
(\/F+\/?x) bt/ 2

[65 b7/4+\/bx?+cx*

Result (type 4, 220 leaves):
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]'l\/?X
b

(—15b4—40b3cx2—29b2c2x4+8bc3x6+12c4x8> -

12+/b 72 %’ EllipticE[i ArcSinh|

12+/b ¢”/2 X’

EllipticF [i ArcSinh|

Ji\/?x
Vb

195 b2 X11/2

X2 (b+cx2)

Problem 377: Result unnecessarily involves imaginary or complex numbers.

dx

J(bx2+cx4)3/2

X23/2

Optimal (type 4, 203 leaves, 7 steps):
4cVbx?+cx* 8c?2Vbx?+cx* 8c3Vbx?+cx* Z(bX2+CX4)3/2

- - + - *
55 x13/2 385 b x°/2 231 b?% x°>/2 15 x21/2
b+ c x? A x 1
4 c15/4 (\/F+\/?X) +—2 EllipticF[ZAPcTan[T\‘{_]; *} /
(Vb v/ x| b 2

(231 b%/4 /b x?+cx?*

Result (type 4, 165leaves):

ivb

2 (—77b4—196b3cx2—131b2c2x4+8bc3x6+20c4x8>+
VvV C
i/b
b Ve
20ic* [1+ x*/2 EllipticF i ArcSinh|[ ———], -1] /
c x? Vx

| 63
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Problem 378: Result unnecessarily involves imaginary or complex numbers.

X13/2
j X ax
Vb x?+cx?
Optimal (type 4, 179leaves, 6 steps):
30b2\V/bx2+cx*  18bx32+/bx2+cx*  2x2A/bx?+cx?
_ N _

77 ¢ \x 77 c? e
b 2 1/4 1
15 b1l/4 x (\/FJr\/?x) +—CX2 Ellip‘cicF[ZAr‘cTan[c 1\7 > /
(Vo +/e ] vt 2

[77 c¥4 .\ bx?+cx*

Result (type 4, 153 leaves):

ivb
Ve

ivb
r .
30ib> |1+ x?ELlipticF[i Arcsinh[ ], -1] / I EA LI b (b+cx?)
cx2 Nes NrS

Problem 379: Result unnecessarily involves imaginary or complex numbers.

2

x3/2 (15b3+6b2cx2—2bc2x4+7c3x6> -

X11/2
——dx
J\/ b x? + ¢ x*
Optimal (type 4, 296 leaves, 7 steps):
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14 b2 %32 (b +c x?) 14b+x Vbx2+cxt  2x32+/bx21cx*
- +
15c5/2(\/F+V?x)\/bx2+cx4 45 c? 3¢

b+ cx?

14 b°%/% x (\/F+\/?x)

14 ./
EllipticE[ZAr‘cTan[iC X ] l] /
2

(\/F+\/?x)2 pl/4

+

(15 c4\/bx?+cx*

7 b%/% x (\/F+V?x)

b+ c x?

o Ve

1/4
EllipticF[ZAr‘cTan{ﬂ}, 1} /
pl/4 2

(15 4\ /bx?+cx?

Result (type 4, 190 leaves):

j\Ex
Vb

c x2 L Ve X
21b%% 1+ EllipticE[i ArcSinh| ive ], -1] -
b Vb
c x2 LV C
21652 |1+ S EllipticF[i ArcSinh| lrx],—l] /
b Vb
i Ve X
45C5/2\/E\/W
Vb

Problem 380: Result unnecessarily involves imaginary or complex numbers.

2x32 |4/c x

(—7b2—2bcx2+5c2x4> +

%9/2
Ji dx
Vbx?%+cx?t
Optimal (type 4, 149leaves, 5 steps):
10b/bx2+cx*  2x32+/bx?+cx*
- + +

21c¢2/x /¢
2 1/4
5 b7/4 x (W+\EX) brex EllipticF[zArcTan[i > 1} /
(Vo +ve %) o2

[21 c®4+/bx?+cx?

Result (type 4, 144 leaves):
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4

i

_ 10233C2x . z;i/z) 10ib? [1+ -2 x?EllipticF[iArcSinh| = ], -1]
C
.

x2 (b+cx2)

4

X (b+cx2)

21 [ b 2 [y2 (b+cx?)
\E

Problem 381: Result unnecessarily involves imaginary or complex numbers.

X7/2
——— dx
Jx/ bx?+cx?
Optimal (type 4, 266 leaves, 6 steps):

6bx3/2(b+cx2) 2V/x Vb x2+cxt
- + +
52 (b + 1 x) Vbxlrcxt 3
2 1/4
6 b4 x (\EJr\/?x) _ brext EllipticE[ZAr‘cTan[C VX ’ 1} /
(Vo +ve %) o2
s fodoex |-
2 1/4
3b%/4 x (\er\/?x) _ brext EllipticF[ZAr‘cTan[C VX 1} /
(Vo + Ve x)? o2

[5c7“‘x/bx2+cx4 )
Result (type 4, 176 leaves):

2X3/2

. 2 .
Ve x ive x (b+cx?) -3b%2 142X EllipticE[i ArcSinh| ive x |, -1] +3b%2
7o : /b

2 . .
14 EllipticF[i ArcSinh| ive x ], -1] / 532 ivex X2 (b+cx?)
b Vb

Vb

Problem 382: Result unnecessarily involves imaginary or complex numbers.

XS/Z
———dx
Jx/ bx?+cx?
Optimal (type 4, 121 leaves, 4 steps):
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b3/4 x (W+WX) \/%Ellipticﬁzmdan[%?], >
e b /e x ’

3c/x 3c%44/bx?+cx?
Result (type 4, 126 leaves):

ib
. R Lo\ e
2% (b+ ¢ x2) 2ib [1+ 2 x?EllipticF[iArcSinh| = ], -1]
3¢ x2<b+Cx2) 3 M\gc xz(b+CX2>
c

Problem 383: Result unnecessarily involves imaginary or complex numbers.

X3/2
——— dx
Jx/ bx?+cx?
Optimal (type 4, 231 leaves, 5steps):

2 x3/2 (b+cx2) 1

\/?(W+\Ex)\/bx2+cx4 c3/4/bx2+cx?

2 1/4
2614 x (B /< x| _ brex E11ipticE[2 ArcTan |~ \/;], 1] +
(Vo +e x| bt 2
bl/4 x (\/Fm/?x) —beex®  E1lipticF[2 AncTan| €Co ] 1]
(VB e %) bv* 2
34 [bx+cxt
Result (type 4, 112leaves):
2
2ix52 |14+ °%
b
EllipticE[i ArcSinh| iVe x |, -1] - EllipticF[i ArcSinh] ive X ]s -1] /
Vb Vb
. 3/2
[[1\/?)( xz(b+cx2)]
Vb

Problem 384: Result unnecessarily involves imaginary or complex numbers.
J Vx
— dX
Vb x?+cx?
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Optimal (type 4, 90 leaves, 3 steps):

X (W+\Ex) Lzz EllipticF[ZAr‘cTan[M], l}
(\/F‘r\/?x) pl/4 2
bY/4 14 \[bxZ r C Xt
Result (type 4, 85leaves):

b

2i [1+ -2 x?EllipticF[i ArcSinh| W ], -1]

b [x2 (b+cx?)
Ve

Problem 385: Result unnecessarily involves imaginary or complex numbers.

1
dx
Jﬂm
Optimal (type 4, 259 leaves, 6 steps):
2\/?x3/2(b+cx2) 2Vbx%+cx? 1
b (/o s e x) VoxTrext b /2 024 [bxZ s cxd

2 1/4
2 cl/4 y (\/F+\/?x) Lz Ellip‘u:icE[ZArcTan[c 1;{;}, 1] +
(Vb + /e x| b 2
cl/4 (\/F+\/?x) \/%EllipticF[ZArcTan[%?], ﬂ
b +/c x !
b34/bx2+cx*

Result (type 4, 177 leaves):

“ 2% ive x (b+cx2)—\m\5x 1+CX2 EllipticE[jAr‘cSinh[ jﬁx},—l]Jr
7o TR /b
Vb Ve x 1+CX2 EllipticF[i ArcSinh| ive x ], -1] /
e Jb
b ive x A X2 (b+cx2>
Vb
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Problem 386: Result unnecessarily involves imaginary or complex numbers.

1
dx
Jx”2 Vbx2+cx*
Optimal (type 4, 121 leaves, 4 steps):

¥ox (Vb +3/c x| [ —2€E— Elliptick[2ArcTan| S0 ], 1]
2 /b X s Xt (Vo e A
e N

Result (type 4, 110leaves):

=]

iy
ic |1+ x5/2EllipticF[J'1Ar'cSinh{— e },71}
2 cx ﬁ

2 |-b-cx-
i

Ve

3b/x 4/ %2 (b+cx2)

;

Problem 387: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x>/2+/b x% + ¢ x*
Optimal (type 4, 296 leaves, 7 steps):
6c>2x3/2 (b+cx?) 2vVbx2+cx* 6cVbxt+cxt
- - + +
5b2(ﬁ+%x)m 5bx7/? 5b?x3/2

2 1/4
6 c°/*x (\/F+\/?x) o brex EllipticE[ZAr‘cTan[i
(\/F+\/c_x)2 bt/*

N |
\

(5 b7/% /b x%+cx*

b 2 1/4
3¢”/4x (\/F+\/?x) _orex EllipticF[ZAr‘cTan[i

(\/F+\/C—X)2 b1/4

N |
\

(5b7/4w/bx2+cx4)

Result (type 4, 199 leaves):
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j\/?x
Vb

c x2 ivVc X
6Vb c32x3 |1+ EllipticE i ArcSinh| ive ], -1] +
b Vb
c x2 ivVc X
6vVb c32x3 |1+ EllipticF [i ArcSinh| ive ],—1}/
b Vb
ive x
5b2x3/2\/E\/W
Vb

Problem 388: Result unnecessarily involves imaginary or complex numbers

(-b*+2bcx*+3c*x*) -

1
J dx
x7/2/bx%?+cx*

Optimal (type 4, 149leaves, 5 steps):
2Vbx?2+cx*  10cvVbx?+cx?
- + +

7 b x%/2 21 b2 x5/2
2 1/4
5 c7/4 (\/FJr\/?X) o brexd EllipticF[ZAr‘cTan[i], 1} /
(\/FJr\/?X)z pl/4 2

[21 b%/4 /b x?+ cx*

Result (type 4, 144 leaves):

<_7b2x7/2 . 21?;/2) x (b+cx?) 10ic? [1+ ﬁ x? EllipticF[i ArcSinh[E}, 1]
N

Vx

4

ﬁ

x2 (b+cx2> 21 b2 iVb
Jo

2 2
- X (b+cx)

Problem 389: Result unnecessarily involves imaginary or complex numbers

1
J dx
x2/2+/bx%+cx*

Optimal (type 4, 326 leaves, 8 steps):
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14 ¢5/2 x3/2 <b+cx2)

2vVbx2+cx* 1l4cvVbx?+cx* 14c2\/bx?2+cx?
_ + _

150° (Vb + V¢ x| VoxZox® 9bxit2 45 b* x7/2 156207
b 2 1/4 1
14 c%% x (\/F-%—\/?X) _orexr EllipticE[ZAr‘cTan[ﬂ], =] /
(\/F+\/?x)2 bt/4 2

+

(15 b11/4 /b x?+cx*

2 1/4 )
7 % x (\/b +c x) _ brex EllipticF[ZAr‘cTan[ic X B 1} /
(Vo + e x| bt 2

(15 b11/4 /b x?+cx*

Result (type 4, 210leaves):

]'l\/?X
Vb

(50°-2b*cx*+14bc®x*+21Cx5) +
c x2
42+/b c*2x° |1+ EllipticE[i ArcSinh|

c X
42+/b ¢/2x5 |1+ EllipticF[i ArcSinh|

Ji\/?x
Vb

45 b> x7/?

X2 (b+cx2)

Problem 390: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x11/2 /b x? + c x*

Optimal (type 4, 179leaves, 6 steps):

2Vbx?2+cx*  18cvVbx?+cx* 30c2Vbx?+cx?
B 11 b x13/2 i 77 bZ X9/2 N 77 b3 X5/2 B

2 1/4
15 c*/4 x (\/FJr\Ex) _ brex? EllipticF[ZArcTan[ﬂ 1] /
(\/F+\Ex)2 2

b1/4

(77 b13/4\/bx?+cx*

Result (type 4, 134 leaves):
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21-7b3+2b%2cx?-6bc?x*-15c3x° -

4

i

15 1 ¢3 \/; x13/2 E11ipticF [1‘1 ArcSinh[ ], *1]
cX W

ivb
Ve

4

/(77b3x9/2 x> (b+cx2) )

Problem 391: Result unnecessarily involves imaginary or complex numbers.

1772
— dXx
J(bszrcx‘l):'”2

Optimal (type 4, 174 leaves, 6 steps):
x11/2 15bvVbx2+cx*  9x324/bx?+cx?
- +

2
cVbx?+cxt 7 3/ x 7c

+

2 1/4
15b7/4 x (\/F-%—\/?X) _ brex EllipticF[ZAr‘cTan[i l] /
(\/F+\/?x)2 bt/4 2

(14 c34\/bx?+cx?

Result (type 4, 141 leaves):

ivb
e

ivb
\/_ .
1500 14— szllipticF[jAr‘cSinh[ic},—1] / 7 ivh c/x* (b+cx?)
c x? VX N

X% (-15b%-6bcx®+2c*x*) +




Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~"m (a+b x~2+c x~4)"p.nb | 73

Problem 392: Result unnecessarily involves imaginary or complex numbers.

X15/2
———dx
J(bx2+cx“)3/2

Optimal (type 4, 291 leaves, 7 steps):

x9/2 21bx*2 (b +cx?) 7/x Vbx2+cx
- - + +
cVbx?+cxt SCS/Z(\/F+\/?X)\/bx2+cx4 5c?
b+cx? cl4/x 1
21 b4 x (\/F-%—\/?X) +—2 EllipticE[2ArcTan]| 1;1— =] /
(\/?-%—\/?X) b 2

(5 4 /b x?+cx?

2 1/4
21054 x (/b ++/c x| DX EllipticF[2ArcTan]S VX,
(Vo /e x)? ot

N R
\

(10 4\ /bx?+cx?

Result (type 4, 179 leaves):

2 Ve x “ﬁx (7b+2cx?) -21b¥2 |14 1, 1]
\ W

) .
21 b3/2 1+c: EllipticF[i ArcSinh] ]H/?X],—l] /

5c%/2 i\/_% \JX2 (b+cx?)

Problem 393: Result unnecessarily involves imaginary or complex numbers.

X13/2
———dx
J(bx2+cx“)3/2

Optimal (type 4, 146 leaves, 5steps):
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x7/2 5vbx%+cx?

— + —

cvVbx?+cx? 3c?2+/x

2 1/4
5674 x (Vb + Ve x| — 20X Elliptic[2arcTan|S \/Y}, S /
(Vo +ve x| bt 2
(6c9/4«/bx2+cx4)
Result (type 4, 128 leaves):
ivb
j Ve
ivh xX*2 (5b+2cx?) -5ib |1+ x? E1lipticF [i ArcSinh| ], -1] /
Nr c x2 \x

Vb c®+/x* (b+cx?)

Problem 394: Result unnecessarily involves imaginary or complex numbers.

X11/2

———dXx
J(bszrcx“):"/2

Optimal (type 4, 259 leaves, 6 steps):

X5/2 3x3/2 (b+cx?) 1

+ _
cVbx?+cx?t c3/2(\/F+\/?x)\/bx2+cx4 c’*\/bx%+cxt

2 1/4
3pl/4y (\/F+\/?x) _ brext EllipticE[ZAr‘cTan[c &}, l] +
(Vo +e x| bt 2
2 1/4
3pl/4 (\/F+V?x) o brex EllipticF[ZAr‘cTan[c \/Y}, 1} /
(o + e x| b2

(2c7/4«/bx2+cx4)

Result (type 4, 167 leaves):

_ 2 1\/c x 1\/—)( -3/b EllipticE ]lAf‘CSlnh[ ive x ],—1}+3\/F
\ b

2 .
CcX ]l\/?x X\/m

EllipticF[i ArcSinh|

: Vb

1+
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Problem 395: Result unnecessarily involves imaginary or complex numbers.

X972
— dx
J(bx2+cx“)3/2

Optimal (type 4, 1191leaves, 4 steps):

X (\/F+V?x) Lzz EllipticF[ZAr‘cTan[%&]; ]
x3/2 (VB Ve x] " ’
- +
cVbx2+cxt 2bY4 54 /bx2 + cxt

Result (type 4, 115leaves):
i

- B 2y [14 -2 x2EllipticF[i ArcSinh| i ], -1]
NI cx Nre

ive o [y (b+cx?)
N

Problem 396: Result unnecessarily involves imaginary or complex numbers.
X7/2
J— dx
(bx2+cx4)3/2

Optimal (type 4, 260 leaves, 6 steps):

572 x3/2 (b+cx2)

bvVbx?%+cx* b\/?(\/?+\/?x)\/bx2+cx4

+

X (\/F+\/c_x) . EllipticE[ZAr‘cTan[M], ]
(W+\/?X)Z pl/4 2
b3/4 c3/4/bx?+cx* _
x (Vb ++/c x| (WM—VX?X)Z EllipticF[ZArcTan[L:l;“&], L]
2b3/4C3/4“’bX2+CX4

Result (type 4, 168 leaves):

ix*2 |+/c x ]H/—X -/b ] -1] +
\ \/F

Vb




76 | Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~"m (a+b x~2+c x~4)"p.nb

Problem 397: Result unnecessarily involves imaginary or complex numbers.

X572
— dx
J(bx2+cx“)3/2

Optimal (type 4, 118leaves, 4 steps):

X (\/F+\/?x> Lzz EllipticF[ZAr‘cTan[M}, 2]
3/2 (WME x) pl/4 2
.
bVbx%+cxt 2b5/4cl/4/bx2 1 cx*

Result (type 4, 114 leaves):

o
[ L sz, [14 b x2EllipticF[i ArcSinh[ ], 1]
e cx X

b MJ_E NG (b+cx2)
C

Problem 398: Result unnecessarily involves imaginary or complex numbers.
X3/2
J— dx
(bx2+cx4)3/2

Optimal (type 4, 286 leaves, 7 steps):
VX 3\/?x3/2<b+cx2) 3vVbx2+cxt 1

N
bVbx2+cx* b2 (\/F+\/?x) Vb x2+cx? b% x>/2 b7/4 /b x? +cx*

2 1/4
3 c1/4 (\/F+\Ex) L brexd EllipticE[zArcTan[c VX s 1] +
2

(W+\EX)2 pl/4

2 1/4
34y (\/F+\/?x) ﬁ EllipticF[zArcTan[C XF], 1} /
Vb ++/c x b 2

(2b7/4x/bx2+cx4

Result (type 4, 181 leaves):
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- VX ive x (2b+3cx?) -3b Ve x /1+CX2 EllipticE[i ArcSinh]| ive x ], -1] +
Vb b Vb
3/b Ve x /1+CX2 EllipticF[i ArcSinh| ive x ], -1] /
b W
[b2 Ve x X (b +cx?)
V. Vb

Problem 399: Result unnecessarily involves imaginary or complex numbers.

J(W x

bx2+cx4)3/2

Optimal (type 4, 145leaves, 5steps):
1 5bx?+cx*
by/x Vbx2rcxt  3b2x2

2 1/4 /
5c3/4x (\/b +c x) L brex EllipticF[ZAr‘cTan[C . B 1} /
(Vo +e x| bt 2

(6b9/4x/bx2+cx4

Result (type 4, 110leaves):

Sic 142 xs/zEllipticF{jAr‘cSinh{— Je ],-1}
X \/7

i
Je

3b2/x +/x? (b+cx?)

-2b-5cx?-

Problem 400: Result unnecessarily involves imaginary or complex numbers.
1

J\/; (bx2+cx4)3/2

dx

Optimal (type 4, 320 leaves, 8steps):
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1 21 ¢3/2x3/2 (b+CX2) 7Vbx2+rcxt 21cVbx?+cxt
- - + +
bx*2+/bx*+cx* 5b3 (\/F+\/?x>\/bx2+cx4 5 b2 x7/2 5 b% x3/2
b+cx? cl/4 1
21 %4 x (\/F-%—\/?X) +—X2 EllipticE[ZAr‘cTan[lijﬁ;], =] /
(\/F+\/?x) b 2

(5 b4 /b x? + c x*

> 1/4
21 ¢4 x (\/F-%—\/?X) _brex? EllipticF[ZAr‘cTan[ﬂ], l] /
(Vo s x| 2

(10 b11/4 /b x?+cx*

Result (type 4, 198 leaves):

JI\EX
Vb

(—2b2+14bcx2+21c2x4) -

cx
21+/b ¢*?x* |1+ —— EllipticE[i ArcSinh]|

c X
21/b ¥2x> |1+ —— EllipticF [i ArcSinh]|

i\/C_X
Vb

5 b3 x3/2 X2 (b+cx2>

Problem 401: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x3/2 (bx2+ cx“)3/2

Optimal (type 4, 173 leaves, 6 steps):

1 9vVbx2+cx* 15cV/bx?+cx?
- + +
bx*/2bx i cxt TR x2 7%
b+ cx? cV/4/x 1
15 ¢7/4 x (\/F+\/?X) +—2 EllipticF[ZAr‘cTan[li;/L—], *] /
(Vb e x| b 2

(14 b13/4 /b x?+cx*
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Result (type 4, 143 leaves):

1+ b
iV (—2b2+6bcx2+15c2x4)+
Ve
i/b
e
15ic? [1+ x9/2EllipticF[iAr‘cSinh[i},—1]/
c x? VX
1+b
7 b3 i x°/% [ x? (b+cx2>
N3

Problem 402: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x5/2 (bx2+cx4)3/2

Optimal (type 4, 350 leaves, 9 steps):

1 77 c5/2 x3/2 (b+cx2)
.
bx7/2+/bx?+cx* 15b* (\/b +4/c x) Vb x%+cx?
11Vbx?+cx* 77cVbx?+cx*  77c*+/bx%+cx?
+ _

9 b2 x11/2 45 b3 x7/2 15 b* x3/2
77c9/4x(\/g+v?x) brcx? . EllipticE[ZAr‘cTan[# l] /
(\/F+\/?x) b ?
(15 b15/4\/m +
b+ c x?

EllipticF[2ArcTan|

1/4\/;
RN %] /

b1/4

77c9/4x(\/F+\/?x) (\/_ e )2
b ++vc x

(3@ b1>/4 /b x?+cx*

Result (type 4, 210leaves):
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j\Ex

- (10b3—22b2cx2+154bc2x4+231c3x6)+

Vb

c x2 I Cc X
231+/b ¢32x5 |1+ EllipticE[i ArcSinh| Ve ], -1] -
b Vb
c x2 1+ C
231/b ¢/2x5 |1+~ EllipticF[i ArcSinh| /e x J> -1] /
b Vb
i v C X
45 b* 772 L m
Vb

Problem 407: Result more than twice size of optimal antiderivative.
J<C4X>” dx
(bx?+cx*) 2

Optimal (type 5, 45leaves, 3 steps):

(¢ X)"Hypergeometric2F1][2, i (-3+m),

N [P

(—1+m), —CI:

N
[—

b2 (3—m) x3

Result (type 5, 109 leaves):

" b 2cx?
(cx) - +
b* x3 -3+m -1+m
2 4 : 1em  3+m ox? 2,4 : 1em  3+m o
2 c2 x* Hypergeometric2Fi[1, o, 2, -9 | c2x*Hypergeometric2F1|2, o, 2, -9 ]
+
1+m 1+m

Problem 408: Result more than twice size of optimal antiderivative.
J‘“ x)" dx
(bx?+cx?) 3
Optimal (type 5, 45leaves, 3 steps):

(¢ X)"Hypergeometric2F1|[3, i (=5+m), % (-3+m), —CTX]

b3 (5-m) x°

Result (type 5, 164 leaves):
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1

b® x>

. N N 2
b3 3p2cx® 6bc2xt 6C3x®Hypergeometric2Fi[1, 1T’", 3T'", -]
_ N _
-5+m -3+m -1+m 1+m

3 c3 x® Hypergeometric2F1 [2, 1;" , 3?'", - %] c3 x® Hypergeometric2F1 [3, 1*7’" 3m e ]

1+m 1+m

Problem 438: Result more than twice size of optimal antiderivative.

(a2+2abx2+b2x4)2
J dx

Xll

Optimal (type 1, 19leaves, 2 steps):
(a +b XZ) >

10 a x1°

Result (type 1, 52 leaves):

at alb a?b? ab3 b4

10 x¥® 2 x® x® x* 2x?
Problem 449: Result more than twice size of optimal antiderivative.
in‘ (a2+2abx2+b2x4)3dlx

Optimal (type 1, 34 leaves, 4 steps):
a(a+bx?)” (a+bx?)®
- +

14 b2 16 b?

Result (type 1, 77 leaves):

ab x4 15 5 3 bé x16
+a*bxf+ —a*b?x®+2alb3x®+ —aZb*x?+ —ab xM s ——

4 8 4 7 16

Problem 467: Result more than twice size of optimal antiderivative.

(a2+2abx2+b2x4>3
j dx

X15
Optimal (type 1, 19leaves, 2 steps):

(a+bx2)7

14 a x4

Result (type 1, 82leaves):
at a*b 3a*b? 5a*b® 5a’b* 3ab> bb

14 x4  2x12 2 x1e 2 x8 2 x6 2 x4 2 x2
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Problem 515: Result more than twice size of optimal antiderivative.

9

J X dx
(a2+2abx2+b2x“>3

Optimal (type 1, 19leaves, 2 steps):
Xle

10a (a + bxz)5
Result (type 1, 57 leaves):
a*+5a3bx?2+10a2b2x*+10ab3x5+5b%x8

_ 10b° (a+bx?)®

Problem 659: Result unnecessarily involves higher level functions.

2

X
J dx
(a2+2abx2+b2x“>1/3

Optimal (type 4, 298 leaves, 4 steps):
3x (a+bx?)

5b (a2 +2abx?+b2x*)?

3 .3%44/2-+/3 a2 [1+

bx2)2/3

a

1- [1+

1/3
1443 - (1+i) /

a

1_\/?_ (1+bx2)1/3

a

EllipticF [ArcSin|

|, -7+4+/3] /

1- (1+M

7 (Lﬁ— (1*%2)1/3)2

5b2x<a2+2abx2+b2x4)1/3

Result (type 5, 64 leaves):

3 X

2/3
a+bx?-a (1+ %) Hypergeometr‘icZFl[%, 3 5 —7])

5b ((a+bx2)2)1/3
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Problem 660: Result unnecessarily involves higher level functions.

1
J dx
(a2+2abx2+b2x“>1/3

Optimal (type 4, 256 leaves, 3 steps):

2/3 b x2
1- 1|1+
a

b x?

33/44/2-+/3 a {1+

1/3]

a

1+ (1+M)1/3+ (1+M)2/3
a a

1++/3 - (1+M)1/3

a

EllipticF [Ar‘cSin [

, 74443
(17\/?7(1&%2)1/3)2 1\/?(1+bx2>1/3} e 3}/

a

1- (1+M

a

(1-\/?- (1+"§)”3)2

)1/3

bx<a2+2abx2+b2x“)1/3

Result (type 5, 49 leaves):

aibx? ) 2/3 : i 2 3 bx?
x( ° ) Hyper‘geometr‘1c2F1[2, IS ]

((a+bx?)?)*”

Problem 661: Result unnecessarily involves higher level functions.

1
J dx
x2 (a2+2abx2+b2x4)1/3

Optimal (type 4, 289 leaves, 4 steps):



84 | Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~"m (a+b x~2+c x~4)"p.nb

a+bx?
4

ax <a2+2abx2+b2x“)1/3

1+ (1+M)1/3+ (1+M)2/3
a a

24\2/3 24\1/3
2-4/3 (1+bx [1(1+bx
a a (17\57(1+M)1/3)2
a
1+ﬁ7(1+ﬁ)”3
EllipticF[ArcSin| 2 },77+4\/?}/
17\/?7(1&"2)1/3
a
1-(1+%)”3

314 % (a2+2abx2+b2x“)1/3

Result (type 5, 72 leaves):
2\2/3 .
-3 (a+bx?) -bx? (1+ bTX) Hyper‘geometr'lc:ZFl[i, i, >

3ax ((a+bx2)2)1/3

Problem 662: Result unnecessarily involves higher level functions.

X
J dx
(a2+2abx2+b2x“>2/3

Optimal (type 4, 618 leaves, 6 steps):
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3x (a+bx?) 9aX(1+M)4/3

n
2b (az+2abx2+b2x4)2/3 2b (a2+2abx2+b2x4)2/3 (1—\/?— (1+M)1/3)

a

2
14+ bx

b 32 )1/3

)2/3

—
V)

2
+(1+bx
a

14 ) bX2 4/3
9 3V44/2+4/3 a% |1+

1/3 1+
a J

1- [1+

a

EllipticE [ArcSin|

V2 b2x (a2+2abx2+b2x4)2/3

Result (type 5, 64 leaves):

1/3
3x (a+bx?) (—1+ (1+ ba—xz) Hyper‘geometr‘icZFlE, i, %, - bxz])

2/3

2b ((a+bx2>2)

Problem 663: Result unnecessarily involves higher level functions.

1
J dx
(a2+2abx2+b2x4>2/3

Optimal (type 4, 609 leaves, 6 steps):
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3x (a+bx?) 3X(1+bf2)4/3
N

2a (a?+2abx?+b2x*)*7 5 (a2, 2abx2 4 b2 x¢) %3 (1-\/?- 1+ M)m)
a

2
b x 3

\/7 1/3 1+(1+M)1/3+(1+bx2)2/3
3 .3V44/2+4/3 a(1+ ]

4/3 b x2
1-(1+
a

a

EllipticE [ArcSin|

1-(1+M

(1-\/?- (1+bal)”3)2

V2 bx (a2+2abx2+b2x4)2/3

Result (type 5, 64 leaves):

x(a+bx2) e

211/3 . 2
~34 (1+ %‘) Hyper‘geometr‘chFl[i, i, %, - bx })

_ 2a((a+bx2)2>2/3

Problem 664: Result unnecessarily involves higher level functions.

1
J dx
x2 (a2+2abx2+b2x4)2/3

Optimal (type 4, 649 leaves, 7 steps):
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3(a+bx2) 5(a+bx2)2

2ax (a2+2abx2+b2x4)2/3 2a2x (a2+2abx2+b2x4)2/3

5bX(1+M

4/3
.

N
2a <a2+2abx2+b2x“)2/3 (1—\/?— (1+bal)1/3)

bx2\1/3 u 2/3
s 32 /3 [1+bx2 4/3 (1_(1+bx2 1/3 1+(1 :) +(1+ :)
a a by2 | 1/3)2
(1—\/?—(1 :) )
1+\/?—(1+M)1/3
EllipticE[ArcSin| c 13},—7+4\/?}/
1-43 - (102"
a
17(1+ba—xz)1/3

4x (a2+2abx2+b2x4)2/3

bx2)43 bx2\1/3 1+ (1+M)1/3 (1+M)2/3
5[1+ [1[1+ ] a :
a a (17\57(1 M)l/s)

EllipticF [Ar‘cSin [

A2 34 % (a2+2abx2+b2x“>2/3

Result (type 5, 79 leaves):

2

1/3
1

-||(a+bx*) |6a+15bx*-5bx? (1+ ] Hypergeometric2F1[ =,
3

a

(sazx(<a+bxz)2)2/3)]

Problem 909: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x(a+b+2ax2+ax4>

Optimal (type 3, 69 leaves, 7 steps):
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Va (1+x?
) \/?ArcTan[ﬂJ%—H

Log[x] Logla+b+2ax?+ax?t|
N _

2/b (a+b) a+b 4 (a+b)

Result (type 3, 105leaves):

;Mﬁmg[x] +
4\/? (a+b)

i(Va+ivb)Log[-ivVb +va (1+x*)]+(-iva -/b ) Log[iVb +Va (1+x})]]

Problem 910: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x3 (a+b+2ax2+ax4)

Optimal (type 3, 89leaves, 8steps):

\/_ +X2
1 \/?(a—b)Ar‘cTan[ ars ] 2alog[x] alogla+b+2ax?+ax?]

- + +

2 (a+b) x? 2W(a+b)2 (a+b)2 2<a+b>2

Result (type 3, 163 leaves):
1 2 aLog[X] (—Jia2+2a3/2\/?+jlab) Log[va -iVb ++/a x?]

2favel faen)? 43 b (a-0)" *
(J‘la2+2a3/2\mfjab) Log[\/?Jrj\er\/?xz}

4+/a Vb (a+b)?

Problem 911: Result unnecessarily involves imaginary or complex numbers.

4

X
dx
a+b+2ax?+ax?

Optimal (type 3, 432 leaves, 10 steps):
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_ n n _ 1/4
(a+b+2x/a \/a+b)ArcTan[“ as+yarb -v2 a *]
X \E+\/a+b
- +
a

2+/2 a%4+Ja+b \J\a +/a+b

(a+b+2x/?x/ﬂ) ArcTan [ 2= atb_+ 231””]
Va +\/a+h

2ﬁa5/4x/a+b \/\E+\/a+b
((a+b72ﬁm) Log[Varb -2 a¥*\/ Va «Vaib x+va x]
[4ﬁas/4mm)_
(

( avb-2+/a /arb | Log[varb +v2 a4+ -Va «Vaib x+a X
Pﬁwﬂﬁ)

Result (type 3, 164 leaves):

) i (\/?—Ji\/F)ZAr‘cTan[%Hl;?"vF ]

/

/

i(va +ivb > ArcTan| —Yax
( | v

@ 2a+Ja-ia b Vb 2aJa+iva Vb Vb

X

Problem 912: Result unnecessarily involves imaginary or complex numbers.

XZ
J dx
a+b+2ax?+ax?
Optimal (type 3, 331 leaves, 9 steps):

_ _ 1/4 _ 1/4
Ar‘cTan[\/ a +\a+b 2 a x] Ar‘cTan[\/ a +\a+b +/2 aY/ x]
+/a +v/a+b Ja +/a+b

22 a¥%+//a +Va+b 22 a¥%+//a +Va+b
Log[m—\/?al/4\/—\/?+m x+\/?x2]
Log[vVaib +v2 ai’*/ va +vVaib x+a x]

Result (type 3, 143 leaves):

+

(1'1 \EM/F) Ar‘cTan[L] (—Ji \EM/F) Ar‘cTan[L]
Jaiva Vo Jariva Vb

+

a-iva Vb a+riva b
2+/a Vb
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Problem 913: Result unnecessarily involves imaginary or complex numbers.

J ! dx
a+b+2ax?+axt
Optimal (type 3, 359 leaves, 9steps):

PG arctan[ {50 alb 2 ex)
\a +/a+b Va +vaib

2+/2 a4+Ja+b \JVa +Va+b  2+/2 a¥4+/a+b \/+/a +/a+b
Log[Va+b -2 a4~/ -Va +Va+b x++a x|

ArcTan

+

4+/2 a4 /a+b /-+/a +/a+b
Log[Va+b ++/2 a4~/ -Va +Va+b x++a x|
47 at4Javb -+a «varb

Result (type 3, 119leaves):

iArcTan[L} iArcTan[L}
Va-iva Vb Va+iva Vb

2+a-iva Vb Vb  2+/a+iva Vb b

Problem 914: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x2 (a+b+23x2+ax4)
Optimal (type 3, 433 leaves, 10 steps):

A= + +b - /
al/4 (2\/?+m) Ar‘cTan[ asyarb —v2 31/4"]
1 Ja ab

— + —

(a+b)x 2ﬁ(a+b)3/2\/\/;+ a+b

al/4 (2\/?+\/m) ArcTan [ M2 e /2 a1/4x]
Ja ab

Zﬁ(a+b)3/2\/\/?+ a+b
(al/“ (2\/?—\/a+b ) Log[Va+b ~/2 a4/ -+Ja ++a+b x+\/?x2})/

[4\/?(a+b)3/2\/m],
o (22 ~a<b | Log[Varb + V2 @ty Va «varb xeva x|/
442 (a-0)>* -z +Varb |

+



Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~"m (a+b x~2+c x~4)"p.nb | 91

Result (type 3, 174 leaves):

ia-+a /b | ArcTan — Vax _ia-+a /b | ArcTan — Vax
+< ) [\/a—ﬁ\/?x/F } +( ) [ a+]'1\/?\/F}

(Fa-b)x G aliva Vb VB (arb) 2:/ariva Vo Vb (a-b)

1

Problem 918: Result unnecessarily involves imaginary or complex numbers.
X2
Ji dx
1-x2+x4

Optimal (type 3, 74 leaves, 9 steps):

L 1- 3 2 L 1 3 2
—EAr\CTan[\/?_ZX]+1Ar‘CTan[\/?+2x}+ og| \ﬁx+x}_ og[1+/3 x+x2]
2 ’ 433 43
Result (type 3, 94 leaves):

1 ( 1143 (j+\E)Ar‘CTan[2( *ﬂ\ﬁ) x] +

26

W( 1+\/—)Ar‘cTan[2(1+1\/—> ])

Problem 919: Result unnecessarily involves imaginary or complex numbers.

2
Jidlx
2-2x%+x4

Optimal (type 3, 188 leaves, Qsteps)'

2(1+\/7) 2(1+\/7) 2%

(1 + \/?) Ar‘cTan[ E 142 Ar‘cTan } +
2

2(, f “1+ 2)

N
N |

Log \ﬁ 2(1+\E) x+x2 Log \/?Jr 2(1+\/7) x+x2}

4 |2 4 /2(1+ﬁ)

Result (type 3, 39leaves):
ArcTan |

| ArcTan]

]

-1-1

B -1+1
(7171-1)3/2 ( 1+]l>3/2
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Problem 930: Result unnecessarily involves imaginary or complex numbers.
Jx4x/a+bx2+cx4 dx

Optimal (type 4, 395 leaves, 5 steps):
2 (2b?-5ac)xVa+bx?+cx* b (8b2-29ac)xVa+bx?+cx?

+ +

105 c? 105c>2 (Va + Ve x|

a+bx?+cx?

x3 (b+5cx2) va+bx?+cxt

a'b (8b*-29ac) (\/?Jrﬁxz)

35¢ (\/a +4/c XZ)Z
1/4X 1 b
EllipticE[2ArcTan| , = 2= ] ] / [1@5 114 [aibx?ecxt |+
al/4 4 N

2 4
2% (867 -29abc24/a e (262-5ac)) (Va o Ve ) | X

(x/a +1/c XZ)Z

. . 1/4X 1 b 11/4 2 4

E111pt1cF[2Ar‘cTan[ y — |2 —m ] /(210c /4 Ja+bx?+cx
al/4 4 N

Result (type 4, 538 leaves):

1 C

4¢ | —m——— x
420¢3 | —— Ja+bx?+cxt b+b?-4ac
b++/b%-4ac

(1Oa2c—4b3x2—bzcx4+18bc2x6+15c3x8+a (—4b2+13bcx2+25c2x4)) +

b+vbZ-4ac +2cx? 2b-2+/b%2-4ac +4cx?

ib (8b2—29ac) (—b+ b2—4ac)

b+vb2-4ac b-+vb?-4ac
c b+vbZ-4ac
EllipticE[iAr‘cSinh[\/T — x|, +—]—
b+vb2-4ac b-+vb?-4ac
b+vbZ-4ac +2cx?
i(—8b4+37ab2c—20a2c2+8b3x/b2—4ac —29abe/b2—4ac) ’ :
b Vb? dac
2b-2+vb%2-4ac +4cx? c b+Vb%2-4ac
- E1lipticF[i ArcSinh[+/2 x|, — ]

b-+vb2-4ac b+vb2-4ac b-+vb2-4ac



Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~"m (a+b x~2+c x~4)"p.nb | 93

Problem 931: Result unnecessarily involves imaginary or complex numbers.
szx/a+bx2+cx4 dx

Optimal (type 4, 342 leaves, 4 steps):
2(b2—3ac)xx/a+bx2+cx4 x(b+3cx2)\/a+bx2+cx4
- +
15 ¢3/2 (\/?+\/?x2) 15¢

+

a+bx?+cx?

234 (b7 -3ac) (V3 Ve x|

(\/a +vc xz)2
1/4X 1 b
EllipticE[2ArcTan| ], = 2- ——|] /[15c7/4x/a+bx2+cx4 -
al/4 4 N

a4 (2674 a by/C ~sac) (Va + Ve %) Larbxieext
[Va e x|’

1/4

EllipticF [2 ArcTan [

1
a4 7 g

2—\/;{5]] /[30c7/4x/a+bx2+cx4

Result (type 4, 479 leaves):

C

1

2cC —_———

30¢2 | ——— “Ja+bx?+cx* b+b?-4ac
b+v/b%-4ac

b+Vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?

x (b+3cx?) (a+bx*+cxt) -

i (b®-3ac) (7b+ b274ac)

b+vVb2-4ac b-+b2-4ac
C b+vb?-4ac
EllipticE[i ArcSinh[vV2 | ——— x|, — 2],
b+vVb2-4ac b-+/b2-4ac

b+vb2-4ac +2cx?
j(fb3+4abc+b2\/b274ac 3acﬂb24ac]\/ : :

b+Vb2-4ac

2b-2+vVb%2-4ac +4cx?
b Vb dac

C b+vb2-4ac
EllipticF[i ArcSinh[+/2 x|, - ]
b+vb2-4ac b-+vb2-4ac
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Problem 932: Result unnecessarily involves imaginary or complex numbers.

Jx/a+bx2+cx4 dx

Optimal (type 4, 309 leaves, 4 steps):

1 2 B bx+a+bx?+cx?
—Xi/a+bx +cx® + -
3 3¢ (\/a +Vc XZ)

a+bx?+cx* ct/4x
a/4b (va +V/c x2| | =" EllipticE[2ArcTan| ], = |2

(\/;Jr\EXZ)Z a1/4

1
-
4

i)/

(3c3/4x/a+bx2+cx4

+ a1/4

5 a+bx?+cx?
b+2\/?\/?)(\/?+ﬁx) m

1/4 X b

Va Ve

EllipticF |2 ArcTan| 2-

1|/ s farmmen

1
al/d 7 g

Result (type 4, 445 leaves):

c
4¢c |—— x(a+bx2+cx4)+
b+vb?-4ac

'b( b 0l 4 ) b+vVb?-4ac +2cx? 2b-2+/b?-4ac +4cx?
ib|-b+ -4ac
b++vb?>-4ac b-+Vb%-4ac

] -

¢ b+vb2-4ac
EllipticE[i Ar‘cSinh[\/Z - x}, SrNP mtat
b+vb2-4ac b-+vb?-4ac

. ) 2 b+vVb?-4ac +2cx? 2b-2+b%2-4ac +4cx?
1(—b +4ac+b b—4ac)
b+vb2-4ac b-+vb?-4ac

C b+vb?-4ac
EllipticF[i ArcSinh[+/2 | ———— x], +—] /
b+vVb2-4ac b-+/b2-4ac

Vb%i-4ac

C
12c | ——————— +Ja+bx?+cx?
b+




Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~"m (a+b x~2+c x~4)"p.nb | 95

Problem 933: Result unnecessarily involves imaginary or complex numbers.

Va+bx?+cxt
J—dlx
X2
Optimal (type 4, 303 leaves, 4 steps):
Va+rbx2+cx* 2+/c xvVa+bxZ+cxt 1
_ N B
X Va ++c x? Va+bx?+cxt
a+bx?+cx* cl/4 x 1 b
2 al/4 /4 (\EJr\/?xz) arPr e EllipticE[ZAr‘cTan[ ], “l2- ]] +
Ve« x)’ ae e |T e
5 a+bx?+cx?
(b+2\/?x/?) (\/?+\/?x) —
(ﬁ+ﬁx2)
1/4X 1 b
EllipticF |2 ArcTan| y — 2—]] /[231/4c1/44/a+bx2+cx4
a1/4 4 \E\E

Result (type 4, 435leaves):

| a+bx2+cx4) +
b+vb2-4ac

i (—b+ b2-4ac

\/b+\/b2—4ac +2cx? \/2b—2\/b2—4ac +4 ¢ x?
X

b+vb?-4ac b-+vb2-4ac
c b+vbZ-4ac

E11ipticE[i ArcSinh[v2 | ———— x], ——= 2]
b+vb2-4ac b-+vb?-4ac

jﬁmx b-+vb2-4ac +2cx? b+vb2-4ac +2cx?
b-+vb2-4ac b+vVb2-4ac

b++vVb2-4

EllipticF[jAr‘cSinh[ﬁ - x}, +—ac] /

b+vVb2-4ac b-+/b2-4ac

Vb%2-4ac

C
2 | —————— x+Ja+bx?+cx?
b+
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Problem 934: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2+cx4

dx

x4

Optimal (type 4, 341 leaves, 5 steps):
Va+bxZ+cx* bVa+rbx+cx* bi/c xVarbxZ+cx?
ERS 3ax 3a(x/?+\Ex2>

a+bx?+cx? cl/4 x
b cl/4 (\EJr\/?xz) arPr e EllipticE[ZAr‘cTan[

1
(\/?Jr\/?xz)z al/a ]’ 4

ool

vl (br2va Ve | et (Va « e ) Lﬂ“z
(\/?+\Ex2)

(3a3/4\/a+bx2+cx4

/4 x

EllipticF[2ArcTan|

1
al/d 7 g

b
2 ]] /[6a3’/“xla+bx2+cx4

VA e

Result (type 4, 459 leaves):

C

1
4 |-
12a | ——— x3/a+bx2+cx* \/b+vb2—4ac
b++/b%-4ac

; [b+Vb2-4ac +2cx? 2b-2+vb2-4ac +4cx?
X
b+vb2-4ac b-+vb2-4ac

c b+vbZ-4ac
EllipticE[i Ar‘cSinh[\/? — X, SrNP mtat
b+vb2-4ac b-+vb?-4ac

a+bx2) (a+bx2+cx4>+

ib (—b+ b>-4ac

] -

i (—b2+4ac+b b>-4ac

3\/b+\/b2—4ac +2 ¢ x? \/2b—2\/b2—4ac +4 ¢ x?
X

b+b2-4ac b-vb2-4ac
b+Vb2-4
EllipticF[i ArcSinh[v2 | ———— ], Q]
b+vVb2-4ac b-vb2-4ac

Problem 935: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2+cx4 4

6

X
X

Optimal (type 4, 397 leaves, 6 steps):
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Vva+bx2+cx* bVa+bx2rcxt 2(b2—3ac)\/a+bx2+cx4

_ _ . _
5 x> 15 a x3 15 a2 x

_
Z\E(bz 3ac)X\/a+bx2+cx4 . 2c1/4(b2—3ac> (\/?+\/C—X2) a+bx?+cxt
15a% (Va + Ve %) (Va « Ve )’

cl/4

EllipticE [2 ArcTan [

b
2 - ]] /[15a7/4«/a+bx2+cx4

Va Ve

1
a4 7 g

c1/4(2b2+\/;b\/?—6ac) (\/;Jr\/?xz) _arbxteext

| 97

(\/?+\/?x2)2
1/4 1 b
Ellip‘cicF[ZAr‘cTan[c X], = 2—]] /[3037/4«/a+bx2+cx4
al/s 4 Va Ve
Result (type 4, 530 leaves):
1
30a2 | —— x*Va+bx?2+cx?*
b++/b%-4ac
o (3a3—2b2x6 (b+cx2) +a? (4bx2+9cx4) +a (—b2x4+7bcx6+6c2x8>) -
b+vb2-4ac

b+vb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
i(b2—3ac) [—b+x/b2—4ac)x5 i ’ :

b+vb2-4ac b-+vb2-4ac
c b+vbZ-4ac
EllipticE[iAr‘cSinh[\/T — x|, +—]+
b+vb2-4ac b-+vb?-4ac
b+vb2-4ac +2cx?
i(—b3+4abc+b2x/b2—4ac -3ac+b?-4ac|x° i i
b+vb2-4ac
2b-2+vb%2-4ac +4cx? c b+Vb%2-4ac
- EllipticF[i ArcSinh[+/2 x|, —
b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

Problem 947: Result unnecessarily involves imaginary or complex numbers.

Jx“ (a+bx2+cx4>3/2d1x

Optimal (type 4, 495 leaves, 6 steps):

]
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(8b4—51ab2c+60a2c2) xva+bx2+cx* 8b (2b2—9ac) <b2—3ac) xva+bx?+cx?

1155 c3 1155 ¢7/2 (\E+Wx2)
x> (b (2b?+ac) +10c (b2-3ac)x?) Va+bx?+cx* x* (b+3cx?) <a+bx2+cx4)3/2
+ +
385 2 33 ¢

a+bxZ+cx?

\ (Ve evee)

b
2 ] /[1155c15/4x/a+bx2+cx4

VA e

8a'/*b (2b*-9ac) (b*-3ac) (\/?+V?x2)

1/4

EllipticE [2 ArcTan [

1
a4 7 g

al’4 (Sb (2b%-9ac) (b*-3ac)+Va c (8b4—51ab2c+60a2c2>)

a+bx?+cx*

(\EJr\/?xz) 5
(\/a_+\/?x2>
c4x, 1 b
EllipticF |2 ArcTan| , = 2= 7]] /[231@ 154 3. bx?scx
al/4 4 \/?\/?

Result (type 4, 657 leaves):
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1
2310 c* | —— Ja+bx%2+cx?
b+v/b%-4ac

C

b+Vb2-4ac

2¢ x (60a’c®+a*c (-51b*+92bcx®+255c*x*) +

a (8b4—57b3cx2—14b2c2x4+367bc3x6+300c4x8> +
x2 (8b5+2b4cx2—b3c2x4+145b2c3x6+245bc4x3+105c5x10)) -

b+vb2-4ac +2cx?
411b(2b4—15ab2c+27a2c2) (—b+w/b2—4ac] i ’

b+vb2-4ac
2b-2+vb%2-4ac +4cx?
b-vb2-4ac
C b+vVb2-4ac
EllipticE[i ArcSinh[v2 |[———— x|, ]
b+vb2-4ac b-+vb?-4ac

i (—8b6+68ab4c—159a2b2c2+6033c3+8b5\/b2—4ac ~60ab3c+/b-4d4ac +

_— 5 b+Vb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
108 a“bc b—4ac)

b+vb2-4ac b-+Vb%2-4ac
c b+vb2-4ac
EllipticF[i ArcSinh[vV2 | —————— x|, — |
b+vb2-4ac b-+vb%-4ac

Problem 948: Result unnecessarily involves imaginary or complex numbers.

sz (a+bx2+cx4)3/2d1x

Optimal (type 4, 443 leaves, 5steps):

| 99
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(8b4—57ab2c+84a2c2) xVa+bx?+cxt
315 ¢5/2 (\E+\/?x2)
x (b(4b?-9ac)+6c(2b*-7ac)x?)Va+bx2+cx* x(3b+7cx?) (a+bx2+cx4)3’/2

+

315 ¢? 63 C

a+bx?+cx?

(Va +ve %)

b
2]] /[315c11/4x/a+bx2+cx4
Va ¢

al/4 (Sb4 57ab2c+84a2c2) (\/?+\/?x2)

1/4
+

s

1
EllipticE[Z Ar‘cTan[ -
a1/4 4

a+bx?+cx*

al/4 (Sb4 57ab2c+84a2c2+4\/a_b\/?(bz—sac)) (\/?+\/?x2)

(\/?+\/c xz)z
c4x, 1 b
EllipticF[2ArcTan| , —|2- —]] / [530 14 Jarbx?yscxt
a1/4 4 /73 /7C

Result (type 4, 602 leaves):

1260c3 | ——— “a+bx?+cx*
b/ b*-4ac

C
4¢ | —m— x(—4b4 x2-b3cx*+53b%2c?x%+85bc3x®+35c*x 1‘a+a2c(24b+77cx2)+
b+vb2-4ac
a(-4b%>+27b%cx®+151bc?x* + 112 3 x ) 8b4 57ab2c+84a2c2)
( b 02 ) +Vb%2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
b+ -4dac
b+vVb2-4ac b-+/b?-4ac
< +Vb%2-4ac
EllipticE[i ArcSinh[+/2 , ——————| -

+vVbZ-4ac b-+vb%2-4ac
i (—8b5+65ab3c—132a2bc2+8b4x/b2—4ac -57ab?c+/b?-4ac +84a2c2x/b2—4ac)

+Vb%2-4ac +2cx? 2b-2+b%2-4ac +4cx?
b+vb2-4ac b-+vb2-4ac

c b+vb2-4ac
EllipticF[i ArcSinh[v2 | ———— x|, — o]

+Vb%2-4ac b-+vb?-4ac
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Problem 949: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2+cx4)3/2d1x

Optimal (type 4, 381 leaves, 5steps):
2b (b?-8ac) xVa+bx?+cx* x(b?+1@ac+3bcx?) Va+bx?+cx?

+ +
35 ¢3/2 (\/?Jr\/?xz) 35¢
1 a+bx?+cx?
—x(a+bx2+cx4)3/2+ 2a'%b (b*-8ac) (\/?+\/?x2) AL SA
7 (V?+\/?x2)2
1/4 1 b
Ellip’cicE[ZAr‘cTan[c X y — |2 ——] /[35c7/4«/a+bx2+cx4 -
al/4 4 \/;\/?

a1/4(\/;\/?(b2—20ac>+2b(b2—8ac))(\/?+\/?x2) Lavbxtecxt

(\/?+\/?X2)2
1/4 1 b
EllipticF[ZAr‘cTan[c 1, = 2—]] /[70c7/4«/a+bx2+cx4
al/4 4 \/?\/?

Result (type 4, 533 leaves):

1 C
2c | ———— X

Y,
702 | —<—— Ja+bx2+cx* b+Vb®-4ac
b+v/b%-4ac

(15a2c+a <b2+23bcx2+20c2x4) + X2 <b3+9b2cx2+13bc2x4+5c3x6)) -

b+Vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
jb(bz—sac> [—b+xlb2—4ac] ’ * *

| 101

b+Vb2-4ac b-+b2-4ac
C b+vb?-4ac
EllipticE[jAr‘cSinh[\E — x|, +—]+
b+vVb2-4ac b-+/b2-4ac
b+Vb2-4ac +2cx?
Ji(7b4+9ab2c—20a2c2+b3\/b274ac —8abcﬂb274acJ * *
b+Vb2-4ac
2b-2+vVb%2-4ac +4cx? c b+vb2-4ac
* EllipticF[jAr‘cSinh[\/? x|, * ]

b-+vb?-4ac b+vb2-4ac b-+vVb%2-4ac
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Problem 950: Result unnecessarily involves imaginary or complex numbers.

)3/2

dx
2

J(a+bx2+cx4

X

Optimal (type 4, 361 leaves, 5steps):

(b2+12ac)xx/a+bx2+cx4 1
+—X (7b+6cx2> Ja+bx?Z+cxt -
5\/?(\/;+\/?x2) 5

b 2 4\3/2 2 4
(a+bx?+cx?) 2t (b2 12ac) (\E+\Ex2) a+bx +cx2
X (\/?+\/c_x2)
1/4
EllipticE[ZAr‘cTan[C X ,l 2—#]] /[5C3/4\/a+bX2+CX4 +
al/4 4 \/?\/?

a+bx?+cx?

a1/4(b2+8\5b\5+12ac) (\/;Jr\/?xz) ;
e

1/4X

EllipticF[2ArcTan| 1,

1
al/4 4

b
2- ]] /[10c3/4\/a+bx2+cx4

Va Ve

Result (type 4, 505 leaves):

1
20c | —— x+Va+bx?+cx*
b+/b%-4ac

c
4 |———— (-5a°-3abx®+2b*°x*-4acx*+3bcx®+c?x®) +
b+vVb2-4ac
i 2 b+vb2-4ac +2cx? 2b-2+b?-4ac +4cx?
i(b?+12ac) (—b+ b2-4ac | x
b+vVb2-4ac b-+vVb%2-4ac
c b++Vb2-4ac

EllipticE[i ArcSinh[v2 |[————— x|, — ] -

b+vVb2-4ac b-+vb?-4ac

b+vVb2-4ac +2cx?
b+vVb2-4ac

X

i (7b3+4abc+b2\/b2—4ac +12ac+/b?>-4ac

2b-2+b%2-4ac +4cx? c b+vb2-4ac
- EllipticF[i ArcSinh[+/2 X i

b-+vb?-4ac b+vb2-4ac b-+vb2-4ac
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Problem 951: Result unnecessarily involves imaginary or complex numbers.

)3/2

dx
4

J(a+bx2+cx4

X

Optimal (type 4, 353 leaves, 5steps):

8b+vc xVa+bx?+cx (3b—2cx2) Va+bx?+cx* (a+bx2+cx4)3/2 1
3W;+\/?Xz) 3x 3x3 3Va+bx2+cxt
2 4 1/4 1 b
8al4bct4 [/a +c x2 _arbxirext EllipticE |2 ArcTan SR P P
p >
(Va e )’ e e T e

a+bx?+cx?

(3b2+8\/?b\/?+4ac) (\/?+\/?X2)
e e e

1/4 X 1
EllipticF |2 ArcTan| 1, =
a1/4 4

b
2—]] /[6a1/4c1/4x/a+bx2+cx4

Va Ve

Result (type 4, 473 leaves):

1 ) C
6 | ——— x3*Va+bx2+cxt b+Vb?-4ac
b++/b%-4ac

2 2 2 2
4jb[—b+m)x3 b++vb -4ac +2cx 2b-2+vVb*-4ac +4cx
b+vb2-4ac b-+vb?-4ac

b b2-4
E1lipticE[iArcSinh[v2 | ————— x], Q] .
b+Vb2-4ac b_b2_dac

(—az—5abx2—4b2x4—3bcx6+c2x8) +

b++Vb%-4 2 c x? 2b-2+/b2-4 4 c x2
j(—b2+4ac+4bx1b2—4ac)x3 : ac recx ac r4cx
b+vb2-4ac b-+vb2-4ac

C b+\/b2—4ac]

)

e
b+vVb2-4ac b-+/b2-4ac

EllipticF[i ArcSinh [\EJ

Problem 952: Result unnecessarily involves imaginary or complex numbers.

)3/2

dx
6

J(a+bx2+cx4

X

Optimal (type 4, 400 leaves, 6 steps):
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(b2+12ac)\/a+bx2+cx4 \/?(b2+12ac)xx/a+bx2+cx4 (b—6cx2)\/a+bx2+cx4
+

. 5ax sa (va + Ve x| . 5 3 7
(a+bx?+cxt)?? . a+bx2+cxt
ct/* (b*+12ac) (\/?+\/?x2) _
5 x° (V?+\/?x2)2
1/4
EllipticE[ZAr‘cTan[cl/4X s : 2b]] /[5a3/4xla+bx2+cx4 +
a 4 “a e

a+bx?+cx?

cl/4 (b2+8\/?b\/?+12ac> (\/?+\/?x2)

(\/;-%—\/?XZ)Z
1/4 1 b
EllipticF[ZAr‘cTan[c X], = 2—]] /[1033/4«/a+bx2+cx4
al/a 4 \/?\/?
Result (type 4, 527 leaves):
1
20a | —5— x*+Va+bx?+cx?
b+/b%-4ac
c
-4 (a® +b?x® <b+cx2) +a? (3bx2+8cx4) +a (3b2x4+9bcx6+7c2x8)) +

b+vb2-4ac

i (b2+12ac) (—b+x/b2—4ac

b+vb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
b+vb2-4ac b-+vb?-4ac

c } b+vb2-4ac
— = ], e
b+vb2-4ac b-+vb?-4ac

b+vb2-4ac +2cx?
i(—b3+4abc+b2x/b2—4ac +12ac+/b*-4ac : i
b+vb2-4ac

2b-2+/b%2-4a2a 4cx? b+vb2-4a
© R X EllipticF[i ArcSinh[v2 < x|, — .

b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

5

X

] -

EllipticE|i ArcSinh [\/?

X5

Problem 953: Result unnecessarily involves imaginary or complex numbers.

3/2
) dx

8

J(a+bx2+cx4

X

Optimal (type 4, 447 leaves, 7 steps):
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(bz—zeac) Vva+bx?+cxt 2b(b2—8ac) Vva+bx?+cxt
_ N _
35ax3 35aZx
Zb\/—(b2 8ac) xVa+bx?+cx* 3 (b+18cx?) Va+bx?+cxt
35 a2 (\/?-%—\/?XZ) 35 x5
a+bx2+cxt)¥? a+bx?+cx?
( . ) +|2bct* (b*-8ac) (\/?+\Ex2> +—+2
7 X (\/?+\/?x2)
cl/4 x 1 b
EllipticE[2ArcTan| ], = 2—7]] /[3537/44/a+bx2+cx4 _
al/4 4 \/?\/?
14 5 5 5 a+bx?+cx*
cv/ (\E\E(b -20ac) +2b (b —8ac))(\g+\ﬁx) —
(\/?Jr\/?xz)
Vay 1 b
EllipticF[2ArcTan| ], = |2- ——|] /[70a7/4\/a+bx2+cx4
al/4 4 \/?\/?
Result (type 4, 572 leaves):
70a2 | ——— x"Va+bx?+cx*
b+v/b%-4ac
c
-2 | ————— (5a*-2b*x® (b+cx?) +a’ (13bx*+20cx*) +
b++vb%2-4ac
abx6(—b2+17bcx2+16c2x4)+3a2 (3b2x4+13bcx6+5c2x8)>—
b+vb2-4ac +2cx? 2b-2+b2-4ac +4cx?
ib(b2—8ac) [—b+xlb2—4ac i : i
b+vb2-4ac b-+vb2-4ac
b+vb2-4ac
EllipticE|i ArcSinh| \/_ x|, +—]+
+vb2-4ac b-+vb%-4ac
VvbZ-4ac +2cx?
i(—b4+93b2C—2982C2+b3 b?-4ac -8abc+/b’2-4ac i :
V b b dac
2b-2+vb%2-4ac +4cx? c b+Vb2-4ac
- E1lipticF[i ArcSinh[+/2 , — ]

X
-Vb%2-4ac b+vVb2-4ac b-Vb%?-4ac
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Problem 954: Result unnecessarily involves imaginary or complex numbers.
Jw3—2x2—x4 dx
Optimal (type 4, 48 leaves, 5 steps):

1 2 EllipticE[ArcSin([x], - 1] 4EllipticF[ArcSin(x], - %]
—xq/3-2x*-x* - = =
3

+

V3 V3
Result (type 4, 59 leaves):

x+/3-2x2-x* —ZiEllipticE[iArcSinh[L] -3] -4 i EllipticF (i inh[——1, -
s pticF[i ArcSinh| ], -3]
V3 V3

3
Problem 963: Result unnecessarily involves imaginary or complex numbers.

x4
J—dlx
Va+bx?+cx?

Optimal (type 4, 313 leaves, 4 steps):
xVa+bx?+cx?t 2bxvVa+bx%+cx?*

N
3c 3¢3/2 (\E+\/?x2)
b 2 4 1/4 1 b
2a1/4b(\/?+\/?x2) _arbxrrext EllipticE[ZAr‘CTan[c X], - 2]] /
(Va e )’ ae a7 e
b 2 4
[3c7/4x/a+bx2+cx4 - a1/4(2b+\g\ﬁ) (\/;Jr\/?xz) Lﬂxz
(\/?+\Ex2>
174 x 1 b
EllipticF[2ArcTan| =12-——|] /[6c7/“xla+bx2+cx4
at/ 4 Va +/c

Result (type 4, 444 leaves):
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C
2¢ | ——mmMm—— x(a+bx2+cx4)—
b+vb2-4ac

o[- 4ac)\/b+\/m+2cx2 sz_zmmxz

b+vb2-4ac b-+vb2-4ac
C b+vb2-4ac

EllipticE[i ArcSinh[+/2 | ———— x], +—] +
b+vb2-4ac b-+vb2-4ac

. 5 2 b+vVb2-4ac +2cx? 2b-2+/b?-4ac +4cx?
1(—b +ac+b b—4ac)
b+vb2-4ac b-+vb2-4ac

b++vb%-4
EllipticF[jAr‘cSinh[\E\/ ‘ - 2c ]/

- = ), e
b+vVb2-4ac b-+/b2-4ac

Vvb2-4ac

c
{GCZ\/ Ja+rbx?+cx?
b+

Problem 964: Result unnecessarily involves imaginary or complex numbers.
XZ
J— dx
Vva+bx?+cx?
Optimal (type 4, 267 leaves, 3 steps):
xva+bx?+cx?
Ve (\/?M/?xz)

b 2 4 1/4 1 b
Jl/4 (\/;M/?Xz) L*CXZ EllipticE[zArcTan[c - 4X], = [2— ]] /
(\/?+\/C—X2) at/ 4 Va e
[c3/4\/a+bx2+cx4 +
b 2 4 1/4 1 b
414 (\/;M/?Xz) L*cxz EllipticF[2 ArcTan]| < - 4X = [2— ]] /
(\/?H/?xz) at/ 4 Va e

[2c3/4«/a+bx2+cx4

Result (type 4, 278 leaves):
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( b \/ﬁ) b+vbZ-4ac +2cx? ) 2cx?
il-b+ -4dac +
b+vb2-4ac b-+/b?>-4ac

b+\/b? 4
{EllipticE[iAr‘cSinh[\E\/ < . 25 -

X)
b+vVb2-4ac b-+/b2-4ac

b+b2-4
EllipticF[j Ar‘cSinh[\E < x] ) ’ ac } /
b+vVb2-4ac b-+Vb%2-4ac

C
{Z\Ec\/ Ja+rbx?+cx?
b +

Vb2-4ac

Problem 965: Result unnecessarily involves imaginary or complex numbers.

1
j = ax
Va+bx?+cx*
Optimal (type 4, 114 leaves, 1step):

b 2 4 1/4 1 b
(Va «ve ) | 22225 Enviptick [2ArcTan[ <X, = 2—)]/
Vo Ve )’ R

(Zal/“cl/“x/a+bx2+cx4
Result (type 4, 186 leaves):

| b+vb%2-4ac +2cx? 1 2cx?
-1 +

b+Vb?-4ac b-+Vb%?-4ac
b+Vb2-4
EllipticF[jAr‘cSinh[\/? ¢ x], : ac }/
b++vb?2-4ac b-+b?-4ac

NP ;x/aerszrcx“
b+vVb2-4ac

Problem 966: Result unnecessarily involves imaginary or complex numbers.

1

J dx
x>Va+bx?+cx?

Optimal (type 4, 294 leaves, 5 steps):
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Vva+bx2+cx* e xVa+bxZ+cx?

ax a (\/?m/?xz)
2 4 1/4
c1/4 (\/?+\/?x2) _arbxfrext EllipticE[ZArcTan[c x]’ 1 {Z—L]] /
(V?+\/?x2)2 al/4 4 Va V¢
(a3/4m .
2 4 1/4
et (\/?Jr\/?xz) a+bx—+cx EllipticF[Z Ar‘cTan[ X], 1 {2_ _b ] /
(\/?+\/c_x2)2 al/4 4 Va Ve

[2a3/4«/a+bx2+cx4

Result (type 4, 298 leaves):

b+vb2-4ac +2cx?

1
>+ I'L\E(—bJr b2—4ac]
X c b+Vb2-4ac
b+/b%-4ac

2cx? C b+vb2-4ac
1+ —————— |EllipticE[iArcSinh[V/2 x|, . | -
b-+vb2-4ac b+vVb%2-4ac b-vb2-4ac

4(a+bx2+cx4

c b+vb2-4ac
EllipticF[i ArcSinh[+/2 x|, — ] /(4ax/a+bx2+cx4
b+vVb2-4ac b-+/b2-4ac

Problem 967: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x*Va+bx?+cxt
Optimal (type 4, 345leaves, 5steps):
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Vva+bx2+cx* 2b+a+bx?+cx* 2b+c xVa+bxZ+cx?
+ - +

3ax3 3aZx 3 a2 (\/?+\/?x2)
b 2 4 1/4 1 b
2bcl/4 (\/?+V?x2) arhxrrex EllipticE[ZAr‘cTan[C X], = 2—7]] /
(Va + e )’ Y W N
a+bx2+cx?
[3a7/4«/a+bx2+cx4 (20 Va Ve ) et (Va e ) | R
(\/?+\/?x2>
1/4X 1 b
EllipticF[2ArcTan| , |2 ——|] /[6a7/4xla+bx2+cx4
al/4 4 \/;\/?

Result (type 4, 459 leaves):

-2 S (a—szz) (a+bx2+cx4>—

1
6 32 c 3vVaribx2tcxt b+vb2-4ac
b+/b*-4ac

; |brVb2-4ac +2cx? 2b-2+b%2-4ac +4cx?

ib (7b+ b2-4ac | x
b+b2-4ac b-vbZ-dac
b+bZ_4
E11ipticE [i ArcSinh[v/2 c ] “/7“] .

= oy, res
b+vVb2-4ac b-+/b2-4ac

; |brVb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?

i (—b2+ac+b b2-4ac | x
b+vVb2-4ac b-+b2-4ac
c b+vb2-4ac
EllipticF[iAr‘cSinh[\/? ] i ]

— = ], e
b+vb2-4ac b-+vb2-4ac

Problem 968: Result unnecessarily involves imaginary or complex numbers.

X7
J—dlx
Vva+bx?-cx?
Optimal (type 3, 124 leaves, 5steps):
x*Va+bx2-cx* (15b2+16ac+18bcx?) Va+bx?-cx?

6cC 48 c3

b (5b2+12ac) Ar‘cTan[L
2+/c +Ja+bx2-cx*

32 C7/2
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Result (type 3, 112leaves):

1 [—Zx/?x/aerxz—cx“ (15b2+10bcx2+8c(2a+cx4))+

96 c7/2

i (b-2cx?
3i (5b°+12abc) Log[w+2xla+bx27cx4 }J
\c

Problem 969: Result unnecessarily involves imaginary or complex numbers.

XS
— dx
a+bx?-cx*

Optimal (type 3, 107 leaves, 5steps):

(3b%+4ac) ArcTan[%}
3bvVa+rbx2-cx* x2+Va+rbx2-cx* 2T Jarbxt-cxt
8C2 4 c 16C5/2

Result (type 3, 94 leaves):
(3b+2cx2)m i(3b%+4ac) Log[j—(b'j_c—cleJrZ\/aerxzfcx“}

) 8 c? ' 16 c3/2

Problem 970: Result unnecessarily involves imaginary or complex numbers.

3
—dx
a+bx2-cx*

Optimal (type 3, 70leaves, 4 steps):

B 2
bArcTan| —229 ]
a+bx?-cx* 2+/c \Jatbx2-cx*
2c 4 c3/2

Result (type 3, 77 leaves):
T ibLog[—i—(M)—+2\/a+bx2—cx4}

2
B a+bx-cx . Nra

2c 4 c3/2

Problem 971: Result unnecessarily involves imaginary or complex numbers.

X
— dx
a+bx?-cx?

Optimal (type 3, 44 leaves, 3 steps):

2
ArcTan| b-2cx

2+/c Ja+bx2-cx* ]
2+/c

Result (type 3, 51leaves):
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iLog[—i—(M)—+2“/a+bx2—cx4}
Ve
2+\/c

Problem 976: Result unnecessarily involves imaginary or complex numbers.

X4
J X ax
Vva+bx?-cx*
Optimal (type 4, 409 leaves, 5steps):
xvVa+bx?-cx*

3cC

2 2 2 2
b[bx/b2+4ac)Jb+\/b2+4ac LR S cx

b-+vb%2+4dac b+vVb2+4dac

+

2 Ve x b+vb2+dac
EllipticE[Ar‘cSin[ V2 Ve }, ’ * ] /[3\/?c5/2x/a+bx2—cx4
Jb+Vbiiaac P-Vbirdac

2cx? 2cx?
b++/b?+4dac (b2+ac—b«/b2+4ac) 1- 1-

b-+b?+4ac b+vVb2+4dac

V2 e x b++Vb%2+dac
EllipticF [ArcSin| B * ’ ] /[3«/2 c>?\Ja+bx?*-cx*
\b+vVb2+dac b-+b*+4ac

Result (type 4, 459 leaves):

1
6c2 |[-——— Ja+bx?-cx*
b++/b%+4ac

b+Vb%+4 -2cx?
2c 7;X<7a7bxz+cx4>’jvzb(*b+\lb2+4ac) * rfac cx
b+vVb2+4dac b+vb?+4dac
-b+vb%2+4 2 ¢ x? b++Vb%+4
P TRAE X EllipticE[i ArcSinh[vV2 |- c x|, 2 r2a%
-b+Vb%2+4ac b+vb2+dac b-vb2+4dac

b+vb2+4dac -2cx? -b+vVb2+4ac +2cx?
i\/?(—bz—ac+bx/b2+4ac) * i * * i
b+vVb2+4dac -b++vb?+4dac

c b+\/b2+4ac}
XJ
b+Vb2+4dac b-+vb?+4dac

EllipticF[iArcSinh[vV2 |-
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Problem 977: Result unnecessarily involves imaginary or complex numbers.

2

X
— dx
a+bx?-cx?

Optimal (type 4, 377 leaves, 4 steps):

2 2 2 2
[(b—x/b2+4ac] b++/b?>+4ac \/1— °x \/1_cx
b+

b-+vb2+4dac Vvb2+4dac

+

2 b++Vb%+4
EllipticE[Ar‘cSin[ V2 Ve x }, ’ rhac ] /[2\/?c3/2x/a+bx2—cx4
Jbivb?raac  P-Vbirdac

2 2 2 2
[b—x/b2+4ac) b++/b>+4dac \/1— X \/1—CX
b+

b-+b2+4ac VbZ+dac

2 b+vVb%+4
EllipticF[Ar‘cSin[ V2 e x }, * rtac ] /(ZﬁCS/Z\/a+bX2—CX4
\Vb+Vb2+4ac b-vb*+dac

Result (type 4, 271 leaves):

2 ¢ x2 2 ¢ x2
i(—b+xlb2+4ac)\/1+ \/1—
b+

~b+Vb2+dac VbZidac
b+Vb2+4
E11ipticE[i ArcSinh[v2 |- ——————— x], - cVblidac a
b+Vb*+dac _bsbiidac
b++b%+4
EllipticF[i ArcSinh[v2 |- ——————— x], - +\/+7ac] /
b+Vb2+dac _b+Vb2idac

C
2vV2 ¢ |-——— Ja+bx?-cx?*
b+vb*+4ac

Problem 978: Result unnecessarily involves imaginary or complex numbers.

1
J—dlx
a+bx?-cx?

Optimal (type 4, 169 leaves, 2 steps):
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2cx? 2cx?
[ b++/b%2+4ac \/1 \/1—
b+

b-+vb%+4ac VvbZ+4dac

2 b+VbZ+4
EllipticF [ArcSin| V2 Ve x ] * rhac ] /(ﬁ\/?«/a+bx2—cx4J
b:vb2rdaac P-Vb'rdac

Result (type 4, 177 leaves):

. 2cx? 2cx?
1 1+ 1-—
-b+/b?+4ac b+Vb%2+4ac

C b b2+4ac
EllipticF[i Arcsinh[v/2 |- x|, - *V*i]/
b+Vb2+dac b+Vb2+d4ac

c
V2 [-—————— \Ja+bx?-cx*
b+Vb%+4dac

Problem 979: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x2Va+bx?-cx*
Optimal (type 4, 408 leaves, 6 steps):

a+bx?-cx*
_Yyer7rm 7
ax

b-vVb%2+4dac VbZ+dac

2 2 2 2
[bx/b2+4ac)Jb+x/b2+4ac \/1 €x J1CX
b+

2 b+vVb%+4
EllipticE [ArcSin| V2 Ve x B ’ * ac]]/(zﬁa\/?\/a+bx2cx4
\Vb+Vb%?+4ac b-Vb*+4ac

2 cx? 2cx?
[(b\/b2+4ac)Jb+\/b2+4ac \/1\/1
b+

b-+/b?+4ac Vb2+4dac

V2 e x b++Vb%2+dac
EllipticF [ArcSin| B : - ] /(2\/2 avc yJa+bx?-cx?
\b+vb2+dac b-+b*+4ac

Result (type 4, 283 leaves):
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4a 3 1 , 2 4 cx?
-— -4bx+4cxX>+ ——1i (—b-%—\/b +4ac) 2+

C

b’+4ac

X B -b++vb2+4dac
b+

2 ¢ x2 c b+vbZ+4dac
1-— =% |EllipticE[i ArcSinh[v2 |- x], ]
b+vb2+4dac b+vb2+4dac b-+vb2+4ac

X
b+Vb2+4ac b-+Vb2+4ac

b++Vb%2+4
EllipticF[jAr‘cSinh[\E\/ ¢ ], ’ * aC}J /[4ax/a+bx2—cx4

Problem 980: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x*Va+bx?-cx?*
Optimal (type 4, 445leaves, 6 steps):
a+bx?-cx* 2b+/a+bx?-cx*
. _

3ax3 3aZx
2cx? 2cx?
b[bxlb2+4ac)\/b+\/b2+4ac 1-— 1-—
b-+b?+4ac b+vVb?+4ac

+

2 Ve x b++Vb%2+dac
E1lipticE [ArcSin| V2 Ve ], —— ] /(BN/TaZ\Ex/aerxz—cx“
\Vb++Vb%2+dac b-+b?*+4ac

2cx? 2 cx?
b++/b?>+4dac (b2+acbx/b2+4acJ\/1 \/1—
b+

b-+vb2+4ac VvbZ+4dac

2 Vc b+vVb2+4ac
EllipticF [ArcSin| V2 Ve x B * ’ ] /(Bﬁazx/?«/a+bx2—cx4
\Vb++vb2+4dac b-vb*+dac

Result (type 4, 472 leaves):
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1 C
R B — (a—2bx2) (a+bx2—cx4)—
6a2 |- c 3Vaibx2_cxt b++vb2+4ac

pefbtianc

iV2 b (—b+x/b2+4ac

; [b+Vb?+4ac -2cx? -b+vbZ+d4ac +2cx?
b+Vb2+4dac -b++vb2+dac
c b+\/b2+4ac}
x|, +
b+Vb2+4dac b-+vb2+4dac

X

EllipticE[i ArcSinh[+/2 |-

; [b+Vb?+4ac -2cx? -b+vbZ+dac +2cx?

i\/?(—bz—ac+bx/b2+4ac X
b+Vb2+4dac -b+vb2+4dac
c b+vVb%2+4dac

EllipticF[i ArcSinh[+/2

- x|, ]
b+Vb%2+4ac b-+Vb?+4ac

Problem 989: Result unnecessarily involves imaginary or complex numbers.

6

J X dx
(a+bx2+cx4)3/2

Optimal (type 4, 408 leaves, 5 steps):
x> (2a+bx?) bx+a+bx?+cx?
- +
(b2-4ac)Va+bx?+cxt c(b>-4ac)

2<b273ac)xx/a+bx2+cx4

2 4
2a'* (b*-3ac) (\/;+\Ex2) _asbxirext
c3/2 (b2—4ac) (\/?Jr\/?xz)

e

1/4

EllipticE[2ArcTan| +

Z—ﬁ]] /[c”4 (b*-4ac)+Ja+bx®+cx?

1
al/4 ]’ Z

a1/4(2b2+\5b\5—6ac) (\E+\Ex2) —a+bx2+cx42
(Va +e )

C1/4X

EllipticF[2ArcTan|

Z—ﬁ]] /[Zc”4 (b*-4ac)Ja+bx®+cx?

1
al/d 7 g

Result (type 4, 489 leaves):
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C

1
2¢ | ——mmmm
2c2 (-b*+4ac) [—— Va+bx?+cx? b+Vb®-4ac
bt/ b*-4ac

- " b+vVb?-4ac +2cx? 2b-2+/b?2-4ac +4cx?
i(b*-3ac) [—b+ b —4ac)

x(b2x2+a(b—2cx2))—

b+vVb2-4ac b-vb2-4ac
c b+vbZ-4ac
EllipticE[i ArcSinh[+/2 | ———— x], +—] +
b+vb2-4ac b-+vb?-4ac

b+vb2-4ac +2cx?
i(—b3+4abc+b2\/b2—4ac—3acwb2—4ac]\/ - :

b6? - dac

\/2b—2\/b2—4ac +4cx?

b+V/b2-4
EllipticF[JiAr‘cSinh[\/?\/ : x|, — =]
b-+Vb%2-4ac

b+vb2-4ac b-+vb2-4ac

Problem 990: Result unnecessarily involves imaginary or complex numbers.

4

X
dx
J(a+bx2+cx4)3/2

Optimal (type 4, 342 leaves, 4 steps):
x(2a+bx2) bx+va+bx?+cx?
(b2—4ac) va+bx?+cxt \E(bz—4ac) (\E+\Ex2)

+

2 4 1/4
al/4b (\EJr\/?XZ) aerX—+CX ElllptICE[ZAr‘cTan[c X]’ l 5 b]] /
(\/?+\Ex2)2 al’4 ' a4 NFNry
(CB/4 (b>-4ac) m
2 4 1/4
al/4 (\E+\/?X2) aerX—JrCX ElllptICF[ZAr‘cTan[c X]’ 1 5 b]] /
(\/?+\/?x2)2 al/4 4 Va Ve

(Z(b—Z\/;\/?) 34 Ja+rbx?+cx?

Result (type 4, 452 leaves):
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C
4¢ |[— x (2a+bx2)
b+vb2-4ac

'b( b 04 ) b+vVb2-4ac +2cx? 2b-2+/b?-4ac +4cx?
ib|-b+ -4ac
b+vb?>-4ac b-+Vb%>-4ac

C } b+vb2-4ac
— = ], e
b+vb2-4ac b-+vb2-4ac

EllipticE|i ArcSinh [\/7

|+

. 5 2 b+vVb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
1(—b +4ac+b b—4ac)
b+vb2-4ac b-+vb?-4ac

b++vb%-4
EllipticF[jAr‘cSinh[\E\/ ‘ - 2c ]/

- = ), e
b+vVb2-4ac b-+/b2-4ac

Vvb2-4ac

c
4c<b24ac)\/ \Ja+rbx?+cx?
b+

Problem 991: Result unnecessarily involves imaginary or complex numbers.

2

J X dx
(a+bx2+cx4)3/2

Optimal (type 4, 341 leaves, 4 steps):
x (b+2cx?) 2+/c xVa+rbxZicxt
- +
(b>-4ac)Va+bx?+cx* (b?-4ac) (\/?+\/?x2)

) 4 1/4
2 gl/4 c1/4 (\/?+\/?x2) _axbxirext EllipticE[ZAr‘cTan[c X}, : 2 -
(\/?+\/?x2)2 att = 4
(6 aac) Jarorren )
2 4 1/4
(\/?Jr\/?XZ) avbxiiex? EllipticF|[2ArcTan| X], : Z—L]] /
(Va ov/e )’ a4 lt ey

(Zal/4 (b—Z\/?\/?) c4\Ja+bx?+cx?

Result (type 4, 437 leaves):
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C
2 | — x(b+2cx2> +
b+vb2-4ac

i( b b2 4ac)\/b+\/b2—4ac +2cx? \/2b—2\/b2—4ac +4 ¢ x?
b+ _

b+vbZ-4ac b-+vb2-4ac
C b+vb2-4ac

EllipticE[i ArcSinh[+/2 | ———— x], +—]—
b+vb2-4ac b-+vb2-4ac

iﬁm b-Vb2-4ac +2cx? b+Vb2-4ac +2cx?
b-+vb2-4ac b+vb2-4ac
C b+vb?-4ac

EllipticF[i ArcSinh[v2 | ————— x},+—]/
b+vVb>-4d4ac b-+/b2-4ac

Vvb2-4ac

c
{2 <b2—4ac) \/ Ja+rbx?+cx?
b+

Problem 992: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(a+bx2+cx4)3/2

Optimal (type 4, 353 leaves, 4 steps):
x (b?-2ac+bcx?) byc xVa+rbxZ+cx?
a(b*’-4ac)vVa+bx®+cx* a(b*-4ac) (\/?+\/?x2)

+

2 4 1/4
b C1/4 (\/? + \/?Xz) a+bx—+cx ElliptiCE {ZAr‘cTan[ X ] ) l 5 L] ] /
(\/?+\/?x2)2 al’s " a4 Va ve
[a”4 (b?-4ac)Jasbx?+cxt |-
1/4 y b

2 4
cl/a (\/?+\/?x2) _arbxirext EllipticF |2 ArcTan| ]5 2-

1
V7 T )’ 4
(2a3/4 (b—Z\/?\/?) \Ja+bx?+cx?

Result (type 4, 456 leaves):

1/

Va Ve
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c
-||l-4 | —— x(bz—zac+bcx2)+
b+vb2-4ac

'b( b 2 ) b+vVb2-4ac +2cx? 2b-2+/b?-4ac +4cx?
ib|-b+ -4ac
b+vb?>-4ac b-+Vb%>-4ac

C } b+vb2-4ac
X,
b+vb2-4ac b-+vb?-4ac

EllipticE|i ArcSinh [\/7

] -

. 5 2 b+vVb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
1(—b +4ac+b b—4ac)
b+vb2-4ac b-+vb2-4ac

b++vb%2-4
EllipticF[jAr‘cSinh[\E\/ ‘ - 2c ]/

XJ
b+vVb2-4ac b-+/b2-4ac

Vvb2-4ac

4a(b2—4ac)\/C Ja+rbx?+cx*
b+

Problem 993: Result unnecessarily involves imaginary or complex numbers.

J ! dx
x2 (a+bx2+cx4)3/2

Optimal (type 4, 428 leaves, 5steps):

b2-2ac+bcx? 2 (b?-3ac)va+bx?+cx?
- +
a(b?-4ac)xVa+bx?+cxt a’ (b2-4ac) x
Z\E(bz—3ac)x a+bx?+cxt ) 2c1/4(b2—3ac> (\/?+\/C—X2) a+bx?+cxt
a2 (b2-4ac) (Va +Ve X (Va +e %)
. . 1/4 1 b
EllipticE[2ArcTan| |, = |2- ——|] /[a7/4<b2—4ac) Ja+rbx?iox? |+
al/4 4 \/;\/?

c1/4(2b2+\/;b\/?—6ac) (\/;Jr\/?xz) _arbxteext
(\/?+\/?X2)2

cl/4

EllipticF[2ArcTan|

1
—
a:L/4 4

Zﬁ]] /[Za”4 (b*-4ac)+Ja+bx®+cx?

Result (type 4, 515leaves):
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1
2a2(b2—4ac> —<—— x+Va+bx2+cxt
b++/b%-4ac

2 | — ¢ (—4a2c+2b2x2 <b+cx2) +a (b2—7bcx2—6c2x4>) -
b+b2-4ac

i(b>-3ac) (—b+ b2-4ac

b+vVb2-4ac b-+Vb%2-4ac

2_
EllipticE[iAPcSinh[\E\/ ¢ x] b+\/m}+

\/b+\/b24ac +2cx? \/2b2\/b24ac +4cx?
X

)

b+Vb2-4ac b-Vb2-4ac
i [7b3+4abc+b2\/b274ac -3ac+/b?-4ac

b+vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
b+Vb2-4ac b-+b2-4ac

X

3

C b+vb2-4ac
EllipticF[i ArcSinh[+/2 x|, = ]
b+vb2-4ac b-+vb2-4ac

Problem 1003: Result unnecessarily involves imaginary or complex numbers.

X4

dx

\/a+(2+2b—2(1+b))x2+cx4

Optimal (type 4, 108 leaves, 3 steps):

¥4 (Va + e x| ﬁ E1lipticF[2 ArcTan[ <X ], 1]
e \ [ ve -

3¢ 6c54Va+cxt
Result (type 4, 92 leaves):

ia l1+% EllipticF[jAr‘cSinh[ fﬁ x},fl}

e
\/?

3cVa+cx?

x(a+cx4)+

Problem 1005: Result unnecessarily involves imaginary or complex numbers.

x2

dx

\/a+(2+2b—2(1+b))x2+cx4



122 | Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~m (a+b x~2+c x~4)"p.nb

Optimal (type 4, 210leaves, 4 steps):

al/4 (\/?+\Ex2) —arext 5 EllipticE[ZAr‘cTan[L‘:X], l]
x\ar o (Vo /e ) e
- +
Ve (Va e <) At
1/4 2 a+cx* . . /4 x 1
a (\E+\Ex ) ,7(H+Vc_xz)z E111pt1cF[2 Ar‘(:Tan[Tl/4 ], 2}
204 arexd
Result (type 4, 104 leaves):
, c x*
1 1+
a

ivc ivVc
X|, -1| - EllipticF |1 ArcSinh x|, -1
= W /

[EllipticE [i ArcSinh|

R

Va

Problem 1007: Result unnecessarily involves imaginary or complex numbers.

1

dx

\/a+ (2+2b-2 (1+b)) x2+cx®
Optimal (type 4, 88leaves, 2 steps):

2 a+c x4 . . /4 x 1
(\/?+\/?x ) /7(\/?”%)(2)2 EllipticF|[2ArcTan| e |, 2}
2al4 ¢4\ Jatcxt

Result (type 4, 74 leaves):

i /149 EllipticF[i ArcSinh| | XS x], -1]
2 v

TS
Va

Problem 1009: Result unnecessarily involves imaginary or complex numbers.

1

dx

xz\/a+ (2+2b—2 (1+b)> x?+c x4

Optimal (type 4, 232 leaves, 5steps):
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et (Va oo xt) [t E1lipticE[2 ArcTan[ 2], 1]
Varex® Vo xyaiox [Vade ) —
_ + - ’
ax a(\/a_+\/?x2) a¥*Varcxt
1/4 2 __arext R ixy o1
R e i
2233 X

Result (type 4, 121 leaves):
1 a+cx*  [i+c cx?
- -1 1+
Va+coxt ax Va a

ive x|, -1] -EllipticF[i ArcSinh|

Va Va

EllipticE[i ArcSinh|

Problem 1011: Result unnecessarily involves imaginary or complex numbers.

1

dx

x4\/a+ (2+2b—2 (1+b)) X2 + ¢ x4

Optimal (type 4, 110leaves, 3 steps):

c3/4 (\/? Ve XZ) 7(r"’”;f )2 EllipticF [2 ArcTan [ cl;/‘;x ] s i]

3ax? 6a4Va+cxt
Result (type 4, 95 leaves):

ic /1+% ElliptiCF{i Ar‘cSinh[ % x},—l]

e
Ja

3ava+cx?

arcx*
- +

X3

Problem 1039: Result unnecessarily involves imaginary or complex numbers.

1
J—dlx
V3-2x2-x*

Optimal (type 4, 12leaves, 2 steps):
EllipticF[ArcSin(x], - %]

3
V3
Result (type 4, 18leaves):
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X
-1 EllipticF[i ArcSinh|[ —], -3]

V3

Problem 1040: Result more than twice size of optimal antiderivative.

1
J - ax
V-1+5x%-x*
Optimal (type 4, 39 leaves, 2 steps):

ELLiptick [ArcCos[ | —2— x], £ (214521 ]

211/4

Result (type 4, 87 leaves):
1

2vV-1+5x%x%-x*

521 -2%? J2+(5+\/H)x2 E1lipticF [ArcSin| 1(5+JH) x], 2232
2

Problem 1062: Result is not expressed in closed-form.

%972
— dXx
a+bx?+cx?

Optimal (type 3, 389 leaves, 9 steps):
[b g Diozac ] ArcTan| 2P ] [b - bi-2ac J Ar‘cTan[4*L21/4 < /x ]

25372 b%-4ac (-b—«/bz—4ac ]1/4 b>-4ac [-b+x/b2—4ac ]1/4
- - +
1/4 1/4
3¢ 23/4c7/4(—b—x/b2—4ac) 23/4c7/4(—b+\/b2—4ac)

[b y D22 ) ArcTanh | LA ALY ] [b - ti-2ac ) Ar‘cTanh[g\w4 < /x ]

Vb*-4ac [—b—\/ b2-4ac Jl/A Jb?-4ac [—bm/bZ—Aac ]1/4
+
23/4 ¢7/4 (—b—\/b2—4ac )1/4 23/4 c7/4 (—b+\/b2—4ac )1/4

Result (type 7, 80 leaves):
a Log[\/T—ttllafb Log{x/?—::tll 14

br1+2 cn1®

4 x3/2 - 3RootSum|a + b1l* + c111® &, &

6cC

Problem 1063: Result is not expressed in closed-form.

772
— dXx
a+bx?+cx?

Optimal (type 3, 385leaves, 9steps):
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[b y D22 ) ArcTan | LA ] [b _ bh-2ac ] ArcTan | LA ]

2\/; \b?-4ac [—b—w/bz—élac v \b*-4ac —b++/b?-4ac v
+ + +
¢ 21/4c‘5/4(—b—\/b2—4ac)3/4 21/4c5/4(—b+\/b2—4ac)3/4
_ / / - / /
[b+ bi-2ac ) ArcTanh[4214c14 *—] |b- bf-2ac ArcTanh[421/4cl4 *—]
b’>-4ac [—b—x/bz—zlac ] ' b’>-4ac [—b+\/b2—4ac /
+
3/4 3/4
21/4 ¢5/4 (—b—\/b2—4ac) 21/4c5/4(—b+\/b2—4ac)

Result (type 7, 80 leaves):
a Log[ﬁ—iﬂ]m Log{\/?—nlw 114

b#13+2 c 117

-4~/x +RootSum|a+bn1*+cn1® &,

8]

2c

Problem 1064: Result is not expressed in closed-form.

X5/2
J — X ax
a+bx?+cx?
Optimal (type 3, 331 leaves, 8steps):

(—b—m)y“Ar‘cTan[MLm] (—b+m)3/4ArcTan[%L”}
[*b*v b?-4ac J ' [—b+\/b2—4ac ) !
- . N

23/4c3/4“/b2—4ac 23/4c3/4“’b2—4ac

(—b -Vb2-4ac )3/4 ArcTanh [MLM} (—b + \/m) ** ArcTanh [4\;21/4&/4 ]
[—b—xlb2—4ac ] i [—bﬂ/ﬁ) :

23/4¢3/4+/p2—4ac 23/4¢3/4+/p2—4ac
Result (type 7, 48 leaves):

1 Log[v/x -m1] n1?
= RootSum[a +bl® + c 1% &,
2 b+2ca1?

3

Problem 1065: Result is not expressed in closed-form.

%372
— dXx
a+bx?+cx?

Optimal (type 3, 331 leaves, 8steps):
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(7b - \/m) e Ar‘cTan[4\L21/4 < /x — (7b + m)lM Ar‘cTan[;Lzl’/‘l </t V/x —]
[4»@) ' LmM] '

- +
21/4 1/4\[p2 4 ac 21/4 1/ \[pZ 4 ac
1/4 / / 1/4 / /
(—b—\/b2—4ac) Ar‘cTanh[éLZHCH *—] (—b+\/b2—4ac) / Ar‘cTanh[g\Lzl/4c14 *—]
[—b—xlbz—élac ] ' [—b+xlb2—4ac '
21/4 1/4 \[p2 4 ac 21/4 1/4 \[p2 4 ac

Result (type 7, 46 leaves):
Log[v/x -n1] =1

b+2cnlt

1 4 8
~ RootSum[a +bl* + c 1% &,
2

8]

Problem 1066: Result is not expressed in closed-form.

f& ix
a+bx?+cx?
Optimal (type 3, 331 leaves, 8steps):
21/4 ¢4 ArcTan | N et SR - - | 244 ArcTan]| 211 ¢t/ x - ]
[7b7\/ b*-4ac ] ’ [7b+«/ b*-4ac ] '
- + +

Vb%2-4ac (—b—\/b2—4ac)1/4 Vb%2-4ac (—b+ b2—4ac)1/4

1/4 -1/4 1/4 1/4
21/4 ¢1/4 ppcTanh | —25€20C ] 9174 (1/4 ppcTanh | — 250X -]

[ooaac|” [oefoasc |
Vb%2-4ac (—b—\/b2—4ac)1/47 b2-4ac (—b+ b2—4ac)1/4

Result (type 7, 47 leaves):

1 Log[v/x -m1
= RootSum|a + bnl® + c #1® &, Q
2 bl +2cul®

8]

Problem 1067: Result is not expressed in closed-form.
1

J\/; (a+bx?+cx?)

dx

Optimal (type 3, 331 leaves, 8steps):
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1/4 c1/4 1/4 1/4
23/4 ¢34 ArcTan | S LA ARS S— —| 24 c¥4ArcTan| S LA ARS S— —]
(*b*\/ b’-4ac ] ' (—b+\/ b’-4ac ] '

Vb2-4ac (—b—x/b2—4ac)3/4 Vb2-4ac (—b+\/b2—4ac)3/4+

1/4 1/4 1/4 1/4
23/4 ¢3/4 ApcTanh [ —22C2X ] 93/4 ¢3/4 ppcTanh [ — 220 ]
/
(—b—w/bz—z‘lac] [—bﬂ/bZ—Aac '

Vb%2-4ac (—b—\/b2—4ac )3/4 Vvb2-4ac (—b+\/b2—4ac )3/4

Result (type 7, 49leaves):

1 . oo Log[Vx -mi]
fRootSum[a+bttl +CHI® &, ——— &
2 brl3+2cnl’?

Problem 1068: Result is not expressed in closed-form.

J ! dx
x3/2 (a+bx2+cx4)

Optimal (type 3, 371 leaves, 9steps):

cl/4 [1 _ b ] Ar'cTan[g\Lzl/4 < /x —| e {1+ b J Ar‘cTan[éLzl’/4 SRS 1/4}
2 Vb*-4ac [—b—xlb2—4ac ' Jb?-4ac [—b+w/b2—4ac ) i

- - - +

1/4 1/4
avx 23/4a(—b—\/b2—4ac) 23/4a(—b+\/b2—4ac)
cl/4 (1— - ]Ar‘cTanh[ 22 M2 x v A ArcTanh [ —220x —]

\b*-4ac [fb—\/bz—zlac / Jb*-4ac (—b+«/bz—4ac ] '

+

25‘/4a(—b—\/b2—4ac)1/4 23/“a(—b+\/b2—4ac)1/4

Result (type 7, 78leaves):

b Log [/x —11]+ VX - s
—- + RootSum|[a + b 1% + c #1® &, Log /x 1] -c Log /3 w1 | =1
X brl1+2 c11°

2a

8]

Problem 1069: Result is not expressed in closed-form.

J 1 dx
x>/2 (a+bx2+cx4)

Optimal (type 3, 371 leaves, 9steps):
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1/4 1/4 / 1/4 -1/4 i
c3/4 [1 P H— J Ar‘cTan[ ERANS A 1/4} 341y —2— Ar‘cTan[ /el NX 1/4]
/
2 b>-d4ac [—b— b2-4ac ] ' Jb*-4ac [—b+x/b2—4ac J '

- + + +

3ax’? 21/4a(—b—\/b2—4ac)3/4 21/4a(—b+\/b2—4ac)3/4

1/4 ~1/4 1/4 c1/4
c3/4 (1— #] Ar‘cTanh[4\LZ wnl IENE LA —b Ar‘cTanh[;Lz’ e
/
\Vb?-4ac [—b—\/b2—4ac _ber/b2-dac |
+

21/4a(—b—\/b2—4ac)3/4 21/4a(—b+ b2—4ac)3/4

b?-4ac

Result (type 7, 82leaves):
b Log%/?—nlw +C Log[ﬁ—nl] 714

bt13+2 c11”

~- 4 3RootSum[a + b 1%+ c =18 &,
X3/z

8]

6a

Problem 1070: Result is not expressed in closed-form.

J ! ax
x7/2 (a+bx?+cx?)

Optimal (type 3, 412leaves, 10 steps):

cl/4 |p_ _b>-2ac JAr‘cTan[ 2Y/4 Y%/ x 1/4}
2 2b \b?-4ac [—b—xlbz—Aac ] '

- +

+
5ax®?  32./x 23/4 52 (_b_ﬂ/bz_4ac)1/4

+

2_ 1/4 1/4
c1/4 (b+ b*-2ac ]Ar‘cTan[ 214 Mt A/ x 1/A]
/
\b*-4ac (—bﬂ/bz—zlac J

243 (b o7 aac |

2 1/4 1/4 2 1/4 (1/4

cl/a (bb zac ] Ar‘cTanh[g“LZ S A 1/4] cl/a [b+b 2ac )Ar‘cTanh[g“Lz/ e 1/4]
/ y /
b>-4ac [—b—xlb2—4ac [—b+ b2-4ac ]

23/4 32 (—b—\/b2—4ac )1/4 23/4 32 (—b+\/b2—4ac )1/4

b*-4ac

Result (type 7, 107 leaves):

1
10 a2

4a 20b

x°/2 \/7

b2 Log[V/x -#1] —~aclog[vVx -#1] +bcLog[v/x -1] a1

brl+2cnl®

5 RootSum|a + bnl* + c =18 &,

8]
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Problem 1071: Result is not expressed in closed-form.

x13/2
dx
J(a+bx2+cx4)2

Optimal (type 3, 544 leaves, 10 steps):
b x3/2 X7/ (2a+bx?)

+ +

72c<b2—4ac) 2<b2—4ac) (a+bx2+cx4)

(3b3—20abc+ (3b2—14ac) Vb2-4ac ) ArcTan[#[L%]
-b-+/b%*-4ac

4 . 23/4c7/4 (b2—4ac)3/2 (—b—\/b2—4ac )1/4

(3b3—20abcf (3b?-14ac) \/m) ArcTan[#‘L%]
—bs/b2-dac |

) 1/4

4 23/4c7/4 (b2—4ac)3/2 (—b+ b2 -4ac

(3b°-26abc+ (3b2-14ac) Vb7 -4ac | ArcTanh[#iLm}
-b-~/b2-4ac |

4 24 (b2 aac)*? (b0 4ac )"

2020 a0c (3010 YIRS actan]
-b++/b%-4ac

4 . 23/4c7/4 (b2—4ac)3/2 (—b+\/b2—4ac )1/4

Result (type 7, 144 leaves):
1 4 x3/2 (b2x2+a(b72cx2))

8¢ (b274ac)

+ RootSum[a + b11* + c 1118 &,

a+bx?+cx?

(3abLog[v/x -n1] +3b?Log[Vx - n1]#1*-14aclog[vx -n1] n1?) &

brl+2cnld®
Problem 1072: Result is not expressed in closed-form.

X11/2
dx
J(a+bx2+cx“)2

Optimal (type 3, 520leaves, 10 steps):
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(bz ~10ac s 2] J ArcTan | 2P X ]
b/x x*/2 (2a+bx?)

1/4
b>-4ac (—b—xlbz—Aac ] '
_ + _

2c (b*-4ac) 2 (b’-4ac) (a+bx?+cx?) 4 2V4c5% (b2-4ac) (_b_m)”“

b (b>-12ac) 12 /4[5
[bz—leac— ac]Ar‘cTan[ e
\b*-4ac _ba[b2-dac |

4 . 214 c5/4 (b2—4ac) (—b+\/b2—4ac )3/4

b’-4ac

[b2 ~10ac s 2] ] ArcTanh | _2Rx " ]
[—b—\/ b%-4ac ] )

4 . 2l/4c5/4 (b2—4ac) (—b—\/b2—4ac )3/4

[b2 _10ac- blb12ac) ] Ar‘cTanh[4*L21/4 </ x —]
[—b+x(b2—4ac ) '

4 214¢54 (b2 -4ac) (—b+\/b2—4ac )3/4

b?-4ac

Result (type 7, 144 leaves):
4+/x (b2x2+a (b—2cx2>)

a+bx2+cxt

1
8¢ (b2—4ac)

+

abLog[\/_—trl]+b2Log[\/Y—H1}ttl“—leacLog[\/_—ml]nl“&

RootSum|a + b #1% + c 1118 &,
bs13 + 2 cul?

Problem 1073: Result is not expressed in closed-form.

x9/2
dx
J(a+bx2+cx4)2

Optimal (type 3, 471 leaves, 9steps):
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(b2+12ac+bm) Aman[MLm}
x3/2 (2a+bx?) [,b,\/m /

+

2 (b?-4ac) (a+bx?+cxt) 4 . 23/4 3/ (b2—4ac)3/2 (—bf\/m)l/4

[b _ _b*i12ac ) ArcTan [ 2Y/% M4 /% }
1/4
\b?-4ac [—b+xlb2—4ac '

4 . 23/4c3/4 (b2—4ac> (—b+\/b2—4ac )1/4

b+ 122 c4bb74ac | ArcTanh [ — 2/ b ] (b_ b#] ArcTanh[ —2/4</ ]
(—bfx/b274ac ] ' \Jb*-4ac “bifb2-dac |

4 23/“c3/4<b2—4ac)3/2 (—b—\/b2—4ac)1/4 4 23/4c3/4(b2—4ac> (—b+\/b2—4ac)1/4

Result (type 7, 124 leaves):

-6 aLog[/x —11]+bLog[/x —n11] n1* &]

4 8
2ax3/2_px/? RootSum|a + b #1% + c #1% &, .

- +

2 (b2-4ac) (a+bx?+cx?) 8 (b>-4ac)

Problem 1074: Result is not expressed in closed-form.

X7/2
J dx
(a+bx2+cx“)2
Optimal (type 3, 483 leaves, 9 steps):

(3b2+4ac+3b\/m) Ar‘cTan[%Lm}
Vx (2a+bx2> [m#ﬁ]

- +

2 (b2—4ac> (a+bx2+cx4) 4 2l/4 c1/4 (b2—4ac)3/2 (_b_m)3/4

(3b2+4ac—3b\/m)Ar.cTan[Lcw\Lm}
[—mm ’

3/4
4 244 (b2-4ac)’? (—b+\/m)

(3b2+4ac+3b\/m> Ar‘cTanh[%Lm]
(_b_MJ’

4 24t (b2 aac)*? (b0 4ac )’

3b2+4ac—3b\/m) Ar‘cTanh[%Lw]
(—b+\/m)’

4 . 21/4 cl/4 (b2—4ac)3/2 (—b+\/m)3/4

Result (type 7, 127 leaves):
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-2a Log[\/Tfnl] +3bLog %/741} 114
b13+2 c 1’

2a+/x -bx5/? RootSum[a + b #1% + c 118 &, &]

2 (b dac) (asbx2icxt) 8 (b> aac)

Problem 1075: Result is not expressed in closed-form.

X5/2
J dx
(a+bx2+cx4)2
Optimal (type 3, 450 leaves, 9 steps):

cl/4 (4 b+ \/m) ArcTan | LCW\LM]
x3/2 (b +2cC Xz) [7b7\/m] |

2(b?-4ac) (arbx®rext) p 34 (b2 4ac)¥? (-b-b? aac )

¢4 (ab- /b7~ 4ac | ArcTan| 210
oforaac )"

2 224 (b2-4ac)*? (-bsVb7-4ac |

+

cl/4 (4b+\/b2—4ac ) Ar‘cTanh[Lcm\Lm} cl/4 (4b—\/b2—4ac ) Ar‘cTanh[%Lm]
[—b—xlb274ac ] ' (—b+x/b274ac ] '

2 23/4 (b2—4ac)3/2 (—b—\/b2—4ac )1/4 2 23/4 (b2—4ac)3/2 (—b+\/b2—4ac )1/4

Result (type 7, 109 leaves):

o
8 (b2—4ac)

4% (b+2cx2) -3blog[Vx -m1] +2clog[Vx -n1]m1*

brl+2cnl®

+ RootSum|a + b 1% + c #1% &,

8]

a+bx?+cx?

Problem 1076: Result is not expressed in closed-form.

3/2
dx
J(a+bx2+cx4)2

Optimal (type 3, 442 leaves, 9steps):
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c3/4 {3+ 4b J Ar‘cTan[%u1 X ]
VX (b2¢x) e [ofoeec ]

- + +

2(b?-4ac) (arbx®rext) 5 gua (b2 gac) (-b-b? aac )

c3/4 (3_ L] ArcTan| — 27
Jvaac [onfvraac |

2 2l/4 (b2—4ac> (—b+\/b2—4ac )3/4

+

c3/4 (3+ 4b ] Ar‘cTanh[ 2L/4 /4 /% 1/4] c3/4 {3 _ 4b ) Ar‘cTanh[ 21/4 ¢1/4 \[x 1/4]
\Jb’-4ac [—b—w/b2—4ac ' Jb*-4ac [—b+w/b2—4ac ] '
+

2 2u4 (b2—4ac) (—b—\/b2—4ac)3/4 2 2u/4 (b2—4ac) (—b+\/b2—4ac)3/4

Result (type 7, 111 leaves):
1

8 (b>-4ac)

4 b+2cx? -blL -pl|+6clL - 71| M4
\/;( ’ CX>+RootSum[a+b1114+c1118&, og[ﬁ n]+ < og[\ﬁ H]H

a+bx?+cxt bn13+2cnl’

3

Problem 1077: Result is not expressed in closed-form.

J(W ax

a+bx2+<:x4)2

Optimal (type 3, 489 leaves, 9steps):

cl/a (b _ b2-20ac ] Ar‘cTan[ 2Y/4 /4 \[x ]
1/a
x3/2 (b2—2ac+bcx2) (*b*VbZ*‘laC]

2a (b®-4ac) (a+bx?+cx?) : 4 2%%a (b>-4ac) (_b_m)l/4

b’-4ac

+

2_ 1/4 1/4 /
cl/4 (b+ bi-20ac ] Ar‘cTan[ Z el X 1/4]
b’-4ac [7b+x/b2—4ac J '

4 2%%a (b?-4ac) (7b+\/b2—4ac )1/4

2 1/4 1/4 2 1/4 1/4
c1/4 (b _ _b*-20ac ] ArcTanh { 2% /%A x - ] c1/4 [b + b*-20ac J Ar‘cTanh[ 2% /A x - ]
b*-4ac [fb—\/bZ—Aac ' Jb*-4ac (—bw/bz—Aac '

4 23/4a(b2—4ac) (—b—\/b2—4ac>1/4 4 23/4a(b2—4ac) (—b+\/b2—4ac)1/4

Result (type 7, 149leaves):
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i

4x%% (b>-2ac+bcx?) + (a+bx?+cx*) RootSum|a +bni*+cni® &,

! (b2 Log[Vx -#1] -10aclog[Vx -#1] +bclog[vx -#1] tt14) &})/

bal+2cnul®

(8a (-b*+4ac) (a+bx?+cx?))

Problem 1078: Result is not expressed in closed-form.
1

JW (a+bx2+cx4)2

dx

Optimal (type 3, 503 leaves, 9 steps):
c3/4 <3b2—283c—3b\/b2—4ac ) Ar‘cTan[M}

1/4

Vx (b2—2ac+bcx2) [—b—x/b274ac
+ —
2a(b?-4ac) (a+bx?+cx?) 4 21/4a(b2—4ac>3/2 (—b—\/m)3/4

c3/4 (3b2—28ac+3b\/b2—4ac ) Ar‘cTan[MLm]
[—b+\/b2—4ac '

4 2l/43 (b2—4ac)3/2 (—b+\/b2—4ac )3/4

c3/4 3b2—28ac—3b\/b2—4ac)Ar‘cTanh[(zl’&%}
-b-+/b%*-4ac '

4 2144 (b2—4ac)3/2 (—b—\/b2—4ac )3/4

c3/4 3b2,2gac+3b\/m) Ar‘cTanh[#i%}
_bsr/b2-dac |

4 23 (b -aac)® [-bu bl dac )

Result (type 7, 153 leaves):
- ([4\/; (b*-2ac+bcx?) + (a+bx?+cx?) RootSum|[a + b #1* + c 1% &,

! (3b2Log[\/?—H1] ~14aclog[Vx -#1] +3bcLog[Vx -#1] m“) &]]/

b#l13+2ca1’?

(8a (-b*+4ac) (a+bx2+cx4))]

Problem 1079: Result is not expressed in closed-form.

J ! dx
x¥2 (a+bx2+cxt)?

Optimal (type 3, 573 leaves, 10 steps):
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5b2-18ac b2-2ac+bcx?

+ +

247 (b2-4ac)Vx  2a(b*-4ac)Vx (asbxecxd)

1/4 ~1/4
c1/4(5b3—28abc—(5b2—18ac)x/b2—4ac]Ar‘cTan{ 214 e x }/

(—b—\/b2—4ac>1/4
1/4

[4 23/4 32 (b2—4ac)3/2 (—b—xlb2—4ac) /)—

1/4 ~1/4
c1/4(5b3—28abc+(5b2—18ac)x/b2—4ac]Ar‘cTan{ 244 e x 1/4}/

(7b+\/b274ac)
1/4
[4 23/4 32 (b2—4ac)3/2 (7b+xlb2—4ac) ' ) -

1/4 ~1/4
C1/4(5b3_283bc_(sz_lsac)m]ArcTanh[ 21/4 14 L[y 14] /
(,b,m)/

1/4
(4 23/4az(b2—4ac)3/2(—b— b2—4ac) )+

21/4C1/4W
1/4 3 2 2
C (Sb 28abc+ (5b7-18ac) /b 4ac]Ar‘cTanh[ 1/4] /

(—b+\/b2—4ac)
(4 23/4 32 (b2—4ac)3/2 (—b+x/b2—4ac )1/4)

Result (type 7, 190 leaves):
1 (16 4x32 (b*-3abc+b?cx?-2ac?x?)

+ +

VX (b2-4ac) (a+bx?+cx?)

RootSum|a + b #1% + c 11% &,
b2-4ac bal+2cnl’

8 a2

(5 b® Log[Vx - 1] -

23abclog[Vx -#1] +5b%clog[Vx -#1] #1* - 18ac? Log[V/x - 1] 1114) &]]

Problem 1080: Result is not expressed in closed-form.

51572
dx
J(a+bx2+cx4)3

Optimal (type 3, 621 leaves, 11 steps):

| 135
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3(b2+12ac)\/; x9/2 (2a+bx2)
- +

16c(b2—4ac)2 4(b2—4ac> (a+bx2+cx“)2

+

4_ 2~ 2 -2 1/4 ~1/4
3[b328abc+—b 39ab°24‘_"c]Ar‘cTan[g\LZ & Xm}
\Jb?-4ac [fb—\/bz—llac '

16 (b>-4ac)? (a+bx?+cx?t) 32 2V4 ¢4 (b2 -4ac)? (,b,ﬂ/b2,4ac )3/4

3x°/2 (8ab+ (b?+12ac) x?)

4 2. 2 2 1/a 1/4
3 [b3—28abc— b-3eab c-24a c )Ar‘cTan{;Lz’ x|
/
\b*-4ac -b+\/b%-4ac

32 2144 (b2-aac)? [-bevb2 4ac )

3 [bazgabc+ M) A,ﬂcTanh[%Lm]
\/m [7b4/b2—4ac J

32 214 ¢4 (b2-4ac)? (,b,\/m)”“

3 [b3 ~28abc - M3eabicua’d cz) ArcTanh | LA ALY —]
\b*-d4ac mej '

32 2144 (b2 -aac)? (-beyb? dac )

Result (type 7, 254 leaves):
[4\/?(74b4+21ab2c768a2c2+b3cx2728abc2x2) (a+bx?+cx?) +
16 (b2—4ac)\/Y(—Zazc+b3x2+ab(b—3cx2)>+3c(a+bx2+cx4)2

RootSum[a + b #1% + c 1118 &, (a b? Log[Vx - 1] +12a?cLog[v/x - 1] + b3

b1+ 2cn1’
Log[v/x -#1] #1*-28abc Log[Vx - 1] 1114) &]]/ (64c2 (b>-4ac)? <a+bx2+cx4)2)

Problem 1081: Result is not expressed in closed-form.

1372
dx
J(a+bx2+cx4)3

Optimal (type 3, 569 leaves, 10 steps):
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x7/2 (Za+bx2) x3/2 (24ab+(5b2+283c)x2)
+ +

4 (b2—4ac> (a+bx2+cx4)2 16 (b2—4ac)2 (a+bx2+cx4)

(5b3+172abc+\/b2—4ac (5b2+28ac)) Ar‘cTan{MLm}
[_b_M'

1/4
32.22/4c2* (b2-4ac)®? [-b-/bP-4ac|

[5 b2+ 28 ac - 2b+i72abe ] ArcTan| 2R ” ]
\b?-4ac (—bM/ b2-4ac J '

32 234c¥4 (b2-4ac)? (—b+\/m)l/4

1/4 ~1/4
(5b3+1723bc+m(5b2+28ac)]Ar'cTanh[ 2t ettx 1/4] /

(—b—\/b2—4ac)
(32 23/4 c3/4 (b2—4ac)5/2 (—b—x/b2—4ac )1/4J -

[sz-%—ZSac_Sb3 1723bc]/_\r~cTanh[ 2Y/4 /4 /% 1/“}
[-mM'

3 23/4 c3/4 <b274aC)2 (7b+m)1/4

b*-4ac

Result (type 7, 216 leaves):

4 x3/2 <4b3+83bc+5b2cx2+283c2x2) (a+bx2+cx4) -
16 (b>-4ac) x*? (b*x*+a (b-2cx?)) +c (a+bx2+cx4)2RootSum[a+bn14+c1113&,
;(—nabmg[ﬁ—nl} +5b?Log[Vx - 1] m1*+28aclog[Vx - 1] 1| &]]/
bsl+2cnl®

(64c (b2—4ac)2 (a+bx2+cx4)2)

Problem 1082: Result is not expressed in closed-form.

x11/2
dx
j(a+bx2+cx4)3

Optimal (type 3, 569 leaves, 10 steps):
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x>/2 (2a+bx2) \/?(24ab+(7b2+20ac>x2)
N _

4 (b2—4ac> (a+bx2+cx“)2 16 (b2—4ac)2 (a+bx2+cx4)

3(76%+36abcs Vb7 -4ac (7b2+20ac)) ArcTan| 2 i ]
ofoaac|’

32 2Y4cV4 (b2-4ac)? (—b—\/m)B/4

3 [7 b2 +20ac - Zb36abe ) ArcTan| S LA T —
[—b+«/bz—4ac ) '

32 2144 (b2 -dac)? (-bb2-dac )
1/4 ~1/4
{3 (7b3+36abc+m<7b2+20ac))Ar‘cTanh[ 28 X ]/

(7b7\/b274ac )1/4
3/4
(32 21/4 c1/4 (bzfﬂfac)S/2 (—b—x/bz—élac) ' J -

3 [7 b2+20ac- 7"3*3"3“] Ar‘cTanh[%Lm]
(—b#ﬁ]’

32 2M4cl4 (b?-4a c)2 (—b+\/m)3/4

b’-4ac

b’-4ac

Result (type 7, 219leaves):
[4v7(4b3+8abc+7b2cx2+2eac2x2) (a+bx?+cx?) -
16 (b2—4ac)\/Y(b2x2+a(b-2cx2))+3c(a+bx2+cx4)2RootSum[a+bm14+cﬁ18&,
m(fsabmg[ﬁfm] +7b?Log[Vx - 1] #1*+20aclog[Vx - 1] n1?) &})/

(64c (b2—4ac)2 (a+bx2+cx4)2)

Problem 1083: Result is not expressed in closed-form.

X9/2
dx
J(a+bx2+cx“)3

Optimal (type 3, 533 leaves, 10 steps):
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x3/2 (Za+bx2) 3 x3/2 <5b274ac+8bcx2)

4 (b2—4ac> (a+bx2+cx4)2 16 (b2—4ac)2 <a+bx2+cx4)

3cl/4 (11 b2+20ac+4b \/m) ArcTan | —22eiyx < /x —]
[—b—x/b2—4ac ) '

16 2%% (b2-4ac)*? (-b-Vb?-4ac "

+

3 cl/4 11b2+20ac—4b\/m) Af‘CTa”[MLm}
[,wm)’

16 - 23/4 <b2—4ac)5/2 (—b+\/b2—4ac )1/4

+

3 cl/4 (11b2+20ac+4b\/b2—4ac ) Ar‘cTanh[wLm]
[—b—\/ b?2-4ac ] ’

16 - 23/4 (b274ac)5/2 (—bfx/b2—4ac )1/4

3cl/4 (11b2+20ac—4b\/b2—4ac ) Ar‘cTanh[MLm]
(—b-%—\ b2-4ac |

16 2%4 (b2-4ac)>? (—b+x/b2—4ac )1/4

Result (type 7, 176 leaves):
1

64 (b2-4ac)?
16 (b2—4ac) x3/2 (2a+bx2> 12 x3/2 (5b2—4ac+8bcx2)

-3 RootSum|a + b #1% + c 118 &,

(a+bx2+cx4)2 a+bx?+cxt

7(77b2 Log[Vx -#1] -20aclog[Vx -#1] +8bcLog[v/x -1] 1114) &]
bl +2cml®

Problem 1084: Result is not expressed in closed-form.

7/2
dx
J(a+bx2+cx4)3

Optimal (type 3, 533 leaves, 10 steps):
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\/Y<2a+bx2) \/Y<13b2—4ac+24bcx2)

- +

4 (b2—4ac> (a+bx2+cx“)2 16 (b2—4ac)2 (a+bx2+cx4)

c3/4 (41 b2+28ac+36b m) ArcTan[ —Z2ebe ]
oforanc |’

16 2V% (b2 -4ac)”? (-b-Vb?-4ac |

¢4 (4167 + 283 ¢ -36b\/b? ~4ac | ArcTan| 2 <l ]
[oforaac ||

16 - 21/4 (b2—4ac)5/2 (7b+\/b2—4ac )3/4

c3/4 41b2+28ac+36bm) ArcTanh[#&%}
“b-/b?-dac |

16 2v% (b2 -4ac)”? (-b- Vb7 -4ac |

c¥/* (4102 +28ac-36b b7 -4ac | Ar‘cTanh[%}
“bs+/b2-dac |

16 214 <b2—4ac)5/2 (—b+\/b2—4ac )3/4

Result (type 7, 177 leaves):
1

64 (b2-4ac)?

1
(a+bx2+cx4)2
RootSum|a + b #1% + c 1118 &,

1

4-/x (28a2c+a (5b2+36bcx2—4c2x4) + b x? <9b2+37bcx2+24c2x4)) +

——————(-5b% Log[V/x -n1] -28acLog[Vx -#1] +72bclog[Vx - 1] n1?| &
b3+ 2 cnl

Problem 1085: Result is not expressed in closed-form.

X5/2
dx
J(a+bx2+cx4)3

Optimal (type 3, 594 leaves, 10 steps):
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x3/2 (b+2cx2> 3 x3/2 (b (b2+4ac)+c(b2+12ac>x2)
- + +

4 (b2—4ac) (a+bx2+cx4)2 16 a (b2—4ac)2 (a+bx2+cx4)

3 1/4 (1/4
3cl4 {b2+12ac— oo, S8abc ]ArcTan[g\Lz’ ]
\/b274ac \/b2—4ac [—b—«le—Aac !

32 23/4a(b2_4ac>2(_b—\/m)1/4
1/4 ~1/4
[3C1/4(b368abc+m(b2+1zac>]Ar‘CTan[ = \/7)1/4}J/

(7b+x/b274ac
1/4
[32 23/4 3 <b2—4ac)5/2 [—b+xlb2—4ac] ' ] -

3¢l (bz +12ac- —2 , 68abc ] ArcTanh | S LAL AL " ]
[—b—«/b274ac ] '

\/bz—Aac \/b2—4ac
32 2343, (b2—4ac)2 (—bfx/b2—4ac )1/4

1/4 ~1/4
[3c1/4(b368abc+m(b2+1zac>]Ar‘CTa”h[ 27 VX 1/4]]/

(—b+\/b2—4ac
1/4
(32 23/4 3 <b2—4ac)5/2 (—b+w/b2—4ac] ]

Result (type 7, 222 leaves):

[—16a (b>-4ac) x*? (b+2cx?) +
12 x3/2 (b3+4abc+b2cx2+12ac2x2) (a+bx2+cx4) +3 (a+bx2+cx“)2

RootSum|a + b #1% + c 1118 &, (b3 Log[Vx -#1] -28abclog[+/x -#1] +b2c

bul+2cnl®
Log[v/x - 1] #1%+12ac? Log[V/x - #1] ttl“) &]]/ (64a (b2—4ac)2 (a+bx2+cx4)2>

Problem 1086: Result is not expressed in closed-form.

3/2
dx
J(a+bx2+cx“)3

Optimal (type 3, 594 leaves, 10 steps):
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\/?(b+2cx2) \/Y(b (b2+2@ac)+c(b2+44ac)x2)
_ N _
4 (b2—4ac) (a+bx2+cx4)2 16 a (b2—4ac)2 (a+bx2+cx4)
3¢3/4 (b2+44a c. —2 , 68abc ] Ar‘cTan[%Lzl’mcml ]
\/bz—Aac \/b2—4ac [,b,\/m e

32 21%a (b2-4ac)’ (-b-Vb7-4ac "

1/4 ~1/4
[3C3/4(b368abc+m(b2+44ac)]Ar~cTan[ 27X 1/4}]/

(—b+\/m

3/4
(32 21/4a<b2—4ac)5/2[—b+ b2—4ac] ]—

3 1/4 -1/4
334 {b2+44ac— o, 68abc ]Ar‘cTanh[%Lz’ ]
\/b2—4ac \/b2—4ac [,b,a/b2,4ac ] !

32 21/“a(b2—4ac)2(—b—\/b2—4ac)3/4
21/4C1/4W
3/4 (3 2 2
[3c (b —68abc+m(b +44ac)]Ar‘cTanh[ )1/4]]/

(—b+\/b2—4ac
3/4
{32 243 (b2-4ac)®? [*b+x/b2—4ac] ' ]

Result (type 7, 224 leaves):

(—16a (b*-4ac)/x (b+2cx?) +

4~x (b3+20abc+b2cx2+44ac2x2) (a+bx2+cx4> +3 (a+bx2+cx4)2

;(N Log[Vx -#1] ~12abclog[v/x -f1] +b?c
b#13 + 2 cnl’

Log[\/?—ml] H14+44ac2Log[\/?—t£1] trl“) &]]/ (64a (b2—4ac)2 (a+bx2+cx4)2>

RootSum|a + b #1* + c 1% &,

Problem 1087: Result is not expressed in closed-form.

dx

\Vx
J(a+bx2+cx“)3

Optimal (type 3, 658 leaves, 10 steps):
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x3/2 (b2—2ac+bcx2> x3/2 (5b4—45ab2c+5232c2+bc <5b2—44ac) xz)

N _
4a (b2—4ac) <a+bx2+cx4)2 16 a2 (b2—4ac)2 (a+bx2+cx4)

21/4 c1/4 A/ X
cl/4 (5 b*-54ab’c+520a%c*-b (5b®-44ac) \/m] ArcTan | 1/4} /

(—b—\/b2—4ac)
(32 23/4 32 (b2—4ac)5/2 (—b—x/b2—4ac JlM] +

1/4 ~1/4
cl/4 (5b4754ab2c+526a2c2+b(5b2744ac) x/b274ac]Ar‘cTan[ 214 et VX 14}/
(—b+\/b2—4ac) /

1/4
(32 23/4a2(b2—4ac>5/2(—b+ b2—4acJ ]+
21/4 c1/4 [y
cl/4 (5b4—54ab2c+520a2c2—b(5b2—44ac) x/b2—4ac]Ar‘cTanh[ Vx 1/4]/
(—b—\/b2—4ac)
1/4
[32 23/4a2(b2—4ac)5/2(—b—x/b2—4ac) ]—
21/4 (1/4 [y
cl/4 (5b4754ab2c+520a2c2+b(5b2—44ac) x/b2—4acJAr'cTanh[ Vx 1/4]/

(—b+\/b2—4ac)
[32 23/4 32 (b274ac)5/2 (7b+x/b274ac Jl/AJ

Result (type 7, 254 leaves):
1 ( 16a(—b2+4ac)x3/2<b2—2ac+bcx2)

N
64 a? (b2—4ac>2 (a+bx2+cx4)2

4x32 (5b*-45ab?c+52a%c?+5b3cx?-44abc?x?)

+
a+bx?+cx?

1

Rootsum[a + b1* + c 118 &, (5b® Log[/x -#1] ~49ab®cLog[/x -] +

bl +2cHl®

260 a% c? Log[V/x - #1] +5b%cLlog[V/x -#1] H1*-44abc?Log[Vx -u1] 1114) &]

Problem 1088: Result is not expressed in closed-form.

j 1 dx
Vx (a+bx2+cx4)3

Optimal (type 3, 658 leaves, 10 steps):
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\/?(bZ—Zac+bcx2) \/;(7b4—55ab2c+60a2c2+bc (7b2—52ac)x2)

+ +
4a (b2—4ac) <a+bx2+cx“)2 16 a2 (b2—4ac)2 (a+bx2+cx4)

21/4 c1/4 \/7
1/4} /

334 (7b4—66ab2c+280a2c2—b (7b*-52ac) w/b2—4ac]Ar‘cTan{
(—b—\/b2—4ac)

{32 21/4 32 (b274ac>5/2 (bmrm) )
334 (7b4—66ab2c+280a2c2+b (7b>-52ac) m] ArcTan |
[32 21/4 32 (b274ac>5/2 (b+mJ3/4J X
334 (7b4—66ab2c+280a2c2—b (7b>-52ac) m] ArcTanh |
(32 2174 32 (b2—4ac:)5/2 (_b—\/mJBMJ_

334 (7b4—66ab2c+280a2c2+b (7b2—52ac) x/b2—4ac]Ar'cTanh[

21/4c1/4\/7 } /
(—b+\/b2—4ac )1/4

21/4c1/4\/; ] /
(—bfx/b2—4ac )1/4

21/4C1/4W ] /
(—b+\/b2—4ac )1/4

3/4
(32 21/4a2(b2—4ac>5/2(—b+ b2—4acJ ]

Result (type 7, 258 leaves):
1 ( 16a(7b2+4ac)\/?(b272ac+bcx2)

+

64 a? (b274ac>2 (a+bx2+cx4)2

4+/x (7b4-55ab2c+6ea2c2+7b3cx2-52abc2x2)

N
a+bx?+cxt

1

3 RootSum|a + b 1% + c 118 &, (7 b*Log[V/x -#1] -59ab?cLog[Vx -#1] +

bnl13+2cHl’

140.a% ¢ Log[/x - 111] +7b%c Log[/x -H1] n1*-52abc? Log[vx - 1] n1*] &]

Problem 1089: Result more than twice size of optimal antiderivative.
J(dx>3/2x1a+bx2+cx4 dx

Optimal (type 6, 147 leaves, 2 steps):
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1 9 2 cx? 2 c x? }]/
) I )
2 2 4 b-+vVb%2-4ac b+vVb2-4ac

2 (dx)5/2x1a+bx2+cx4 AppellFl[EJ -
4

2cx? 2cx?
5d 1+ ————— 1+

b-+vb2-4ac b+vb2-4ac

Result (type 6, 1048 leaves):
1

225 c2 (a+bx2+cx4)3/2

dv/dx |10¢ (2b+5cx2) (a+bx2+cx4)2—(ZSaZb(b—xlb2—4ac +2cx2)

1 1 1 5 2 c x? 2 cx?
(b+\/b ~4ac +2cx? AppellFl[* T Ty T - })/
4 2 2 4 b+m b+ —dac
1 1 1 5 2 cx? 2 cx?
5aAppellF1[f —s T Ty - s -
4 2 2 4 pi+/p2-4ac -b+b?-4dac
5 5 1 3 9 2 cx? 2 cx?
X (b c)AppellFl —s T T T — s +
4’2" 2" a b+vVb2-4ac -b++b2-4ac
5 3 1 9 2 ¢ x2 2 ¢ x2
(b ] ppellFl T T T T 4 i
2’2" 2" 4 b+vVb2-4ac -b++yb2-4ac
[90a2cx2 b-+/b>-4ac +2cx? b+\/m+2cx2
5 1 1 9 2 ¢ X2 2 c x?
AppellFl[— T T T~ } /
4 2 2 4 b+\/b2—4ac -b+v/b%2-4ac
5 1 1 9 2 c x? 2cx?
9aAppellF1[~, =, =, =, - s -
4’2" 2" 4 b+vVb2-4ac -b+vb%2-4ac
R 9 1 3 13 2cx? 2cx?
X b+ )AppellFl —y Ty Ty T — > +
4’2" 2° 47 . yp-zac -b.b?-dac
9 3 1 13 2 cx? 2 cx?
(b ] ppellFl T T Ty T - i
4’2" 2" 4 b+\/m b+b2-4ac
27 a b? x? dac +2cx?| |[b++/b*-4ac +2cx?
5 1 1 9 2cx 2 c x?
AppellFl[— T T T - } /
4 2 2 4 b+\/b2—4ac -b+Vb%2-4ac
5 1 1 9 2 ¢ x? 2 ¢ x2
-9aAppellFl| =, =, =, =, - s ] +
4 2 2 4 pip2-4ac -brb2-4ac
9 1 3 13 2cx? 2 c x?
x? b+x/b274ac)AppellF1[— > T T - ’ ] +
4 2 2 4 b+rvVb2-4ac -b++vb>-4ac
9 3 1 13 2 c x? 2 cx?
(b—\/b274aC]AppellF1[* —y —y — - s }]]J
4 2 2 4 b+vb2-4ac -b+b2-4d4ac
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Problem 1090: Result more than twice size of optimal antiderivative.
J\/dx Wa+bx?+coxt dx

Optimal (type 6, 147 leaves, 2 steps):
7 2 ¢ x? 2 ¢ x?

[2(dx)3/2x/a+bx2+cx4 AppellFl[i,—l,— s T - > -
4

1
2 2 4 p +/p2-sac b+vVb2-4ac

1)/

2 cx? 2 cx?
3d 1+ ——————m 1+ ————mmm
b-+vVb%2-4ac b+vb2-4ac

Result (type 6, 706 leaves):
1

147 (a+bx2+cx4)3/2

x v d x 1(a+bx2+cx4)2+ 49 a? (b—xlb2—4ac +2cx?| |[b+/b?-4ac +2cx?
3 1 1 7 2 ¢ x? 2 ¢ x?
AppellFl{f =, =, -, - }/
4 2 2 4 b+\/m “b+Vb2-4ac
31 1 7 2 ¢ x2 2 ¢ x2
c |7aAppellFl[=, =, =, —, - s -
4 2 2 4 p,+/p2-4ac -b+b>-4ac
7 1 3 11 2 c x? 2 ¢ x?
x? b+x/b2—4ac)Appe11F1[— -, =, =, - S |+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
7 3 1 11 2 ¢ x2 2 ¢ x2
(b—xlb2—4ac]Appe11F1[— =, =, =, - , )]J+
4 2 2 4 b+vVb2-4ac -b+vb%>-4ac
7 1
[33abx2 b-+/b*-4ac +2cx?| |b+~/b*-4ac +2cx?| AppellFl[—, —,
4 2

11 2 cx? 2 c x? ]]/
R K]
2 4 b+vVb2-4ac -b+vb%2-4ac
7 1 11 2 cx? 2 cx?
22acAppellF1[ )
a’

) B -

1
2”2 a4 b+\/b274ac -b+vb2-4ac

) 1 3 15 2 ¢ x2 2cx?
AppellFl - =, —, - , ]+

2cx b+ 4ac

4 b+rvVb2-4ac -b+vb*-4dac

2 2
1 3 1 15 2cx? 2cx?
(b—x/b2—4ac]AppellF1[—, — T T, = > ]
4 2 2 4 b+

-4ac -b+yb2-4ac

Problem 1091: Result more than twice size of optimal antiderivative.

Vva+bx?+cx?
J—dlx
A\ dx

Optimal (type 6, 145leaves, 2 steps):
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1 1 5 2 cx? 2 c x?
2/dx \Ja+bx*+cx* AppellFl[=, - =, - =, =, - , - }]/
4 2 4 p_+/b?-4ac b++b2-4ac
2cx? 2cx?
d [1+ 1+

-+vb2-4ac b+vb2-4ac

Result (type 6, 709 leaves):
1

254/d x <a+bx2+cx4)3/2

5 (a+bx2+cx4)2+ (25a2 (b—\/b274ac +2cx?

b++/b>-4ac +2cx?

2 X

1 1 1 5 2CX 2cCcX
AppellFl| =, =, =, =, - ] /
4 2 2 4 b+\/b2—4ac -b+Vb%2-4ac
1 1 1 5 2 ¢ x2 2 ¢ X2
c |5aAppellF1[~, =, =, =, - s -
4 2 2 4 pi+b2-4ac -b+yb2-4ac

5 1 3 9 2 c x? 2 cx?

x2 b+«/b274ac)AppellF1[— — T, T - > +
4 2 2 4 pi+b2-4ac -b+/b2-4ac
5 3 1 9 2 cx? 2 cx?

(b7\/b2—4ac]AppellF1[* —5 s ]]]]*
4" 2 2 4 +m b+Vb>-4ac
5 1
9abx? |b-+/b*-4ac +2cx?| [b++/b?-4ac +2cx?| AppellF1[~, —,
4 2

1 9 2cx? 2cx? }J/

I )

2 4 pi+b2-d4ac -b++b2-4ac

5 1 9 2 ¢ x2 2 ¢ x2
2c 9aAppellF1[— T T T - ’ }‘
4 2 2 4 p,p2-4ac -b+b2-4ac
[ 9 1 3 13 2 ¢ x? 2 ¢ x2

X2 b+ b2—4ac ) APPE]-lFl[_ T T T s — ) ] +

4 2 2 4 b+vb2-4ac -b++vb%®-4ac
o 9 3 1 13 2 cx? 2 cx?
(b* be4aC]AppEl1F1[_ T T T s — ] ]]J]

4 2 2 4 b+vVb2-4ac -b++vb2-4ac

Problem 1092: Result more than twice size of optimal antiderivative.
J\/a+bx2+cx4 4

(d X)3/2

X

Optimal (type 6, 145leaves, 2 steps):
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5 7 1 1 1 3 2 cx? 2cx?
-||2ya+bx?+cx* AppellFl[-—, - =, - =, =, - ]/
4 2 4

b-+vb2-4ac b+vb2-4ac

N

2 ¢ x2 2 ¢ x2

d+vdx 1+ —m——— 1+
b-+vb2-4ac b+vb2-4ac

Result (type 6, 707 leaves):
1

21 (dx)3/2 (a+bx2+cx“)3/2

b++/b?>-4ac +2cx?

2 X

-21 (a+bx2+cx4)2+

49 a b x? (b—x/b2—4ac +2cx2)

31 1 7 2 cx? 2cx?
APPEI].F].[_, Ty T Ty T ) } /
4 2 2 4 pi+b2-4ac -b+yb?2-4dac
31 1 7 2 c x? 2cx?
2c |[7aAppellF1][ =, =, =, —, - s |-
4 2 2 4 pi+b2-4ac -b+yb2-4ac
7 1 3 11 2 cx? 2 c x?
x2 b+x/b2—4ac)Appe11F1[f, =, =, =, - s |+
4 2 2 4 b+vVb?2-4ac -b+vb%2-4ac
7 3 1 11 2 c x? 2 cx?
(b—\/b2—4ac]Appe11F1[f, =, =, =, - s ]]J+
4 2 2 4 b+vb2-4ac -b+i/b%>-4ac
7 1
[33ax4 b-+/b?-4ac +2cx?| |b++/b?-4ac +2cx?| AppellFi[—, -,
4 2

1 11 2 cx? 2 ¢ x2 ]]/
2 4 brvb2-4ac -b+vVb2-4ac

7 1 1 11 2 ¢ x2 2 ¢ x?
11aAppellFl|—, —, =, —, - > ] -
4 2 2 4 b+rvVb2-4ac -b+vb2-4ac
11 1 3 15 2 cx? 2cx?
x2 b+x/b274ac)Appe11F1[—, =, =, =, - s |+
4 2 2 4 b+vb2-4ac -b+yb2-4ac
3 1 15 2 ¢ x? 2 ¢ x?
(b—«/b274ac]AppellF1[f, —y —y — - B ]J]
2 2 4 b+vVb?2-4ac -b+vb%2-4ac

Problem 1093: Result more than twice size of optimal antiderivative.

J(dx)g’/2 (a+bx2+cx4)3/2dlx

Optimal (type 6, 148 leaves, 2 steps):

52 2 2 5 3 3 9 2cx? 2cx?
2a (dx)”?+Ja+bx®+cx* AppellFl[ =, - =, - =, =, - , - ]/
4 2 2 4 p_+/p2-4ac b+Vb2-4ac
2 ¢ x? 2 ¢ x?
5d |1+ 1+

b-+Vb%2-4ac b+Vb%2-4ac
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Result (type 6, 1751 leaves):
1

16575 c3 (a+bx2+cx4>3/2

2d+/dx 5c(a+bx2+cx4)2(—28b3+20b2cx2+65c2x2<7a+3cx4)+bc(176a+285cx4))+
175 a2 b? (bfx/b274ac +2cx? (b+xlb274ac +2cx?
1 1 1 5 2 cx? 2 cx?
AppellFl[f —y Ty Ty — }/
4 2 2 4 b+\/b274ac -b++vVb%2-4ac
11 1 5 2 ¢ x2 2 ¢ x2
5aAppellFl[~, =, =, =, - s -
4°2° 2" 4" y.\oP-zac -bsbl-dac
5 5 1 3 9 2 ¢ x2 2 ¢ x2
X b+ 4ac)AppellF1 —y Ty —y - , +
4’2" 2" 4 b+vb2-4ac -b++yb2-4ac
5 3 1 9 2 ¢ x2 2 ¢ x2
(b ] ppe:l-lFl Ty T T Ty T ) ] -
4’ 2" 2" 4 b+vVb2-4ac -b+Vb2-4ac
1100a3bc{ -4/b +2cx? +1/b?-4ac +2cx?
1 1 1 5 2 cx? 2cx?
AppellFl[f — —y — - , }/
4 2 2 4 pi+/p2-4ac -b+b?-4dac
1 1 1 5 2 cx? 2 cx?
5aAppellFi[~, =, =, =, - , -
4’2" 2" 4 b+Vb2-4ac -b+vb%2-4ac
5 5 1 3 9 2 ¢ x? 2 ¢ x?
X (b c)AppellFl — Ty Ty - R +
4’2" 2" 4 b+vVb2-4ac -b++yb2-4ac
5 3 1 9 2 ¢ x2 2 ¢ x2
(b ] ppellFl[ =, =, =, =, - s e
2’2" 2" 4 b+vVb2-4ac -b++yb2-4ac
[189ab4x2 -+/b?>-4ac +2cx? +1/b>-4ac +2cx?
5 1 1 9 2 cx? 2cx?
AppellFl[ =, =, =, =, - }/
4 2 2 4 b+\/b2—4ac “b++/b%2-4ac
5 1 1 9 2 cx? 2cx?
9aAppe11F1[— — —y —y - } -
4’2" 2" 4’ m _b+\b’-4ac
9 1 3 13 2cx? 2 c x?
x? (b +4/b c)AppellFl =, == —, - , ]+
4> 272" 4 +vVb2-4ac -b+Vb2-4d4ac
9 3 1 2 cx? 2 cx?
(b \/ b ] AppellFl[ =, =, =, —, - s }]]Jr
4’2" 2" 4 b+vb?2-4ac -b+i/b%*-4ac
2340 a3 c?x? |[b-+/b?2-4ac +2cx?| |[b++/b?>-4dac +2cx?
5 1 1 9 2 c x? 2 c x?
AppellFl[ =, =, =, =, - }/
4 2 2 4 b+\/b2—4ac b+ -4ac
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5 1 1 9 2 cx? 2cx?
9aAppe11F1[— Ty T T - ’ } -
4 2 2 4 p,i+b2-4ac -b+b2-4ac
" 5 9 1 3 13 2cx? 2 c x?
x> | [b++/b 74ac)Appe11F1[—, — T T - s ]+
4 2 2 4 pi+pr-4ac -b+Vb2-4ac
2 9 3 1 13 2 cx? 2 cx?
(b— b—4ac]AppellF1[*, Ty T, - ) I+
4 2 2 4 b+vVb?-4ac -b++b2-4dac
1413a%b%cx? [b-+/b?-4ac +2cx?| |b++/b*>-4ac +2cx?

5 1 1 9 2cx? 2cx?
AppellFl| =, =, =, =, - , ] /
4 2 2 4 pi+or-4ac -b+Vb>-4ac
5 1 1 9 2cx? 2cx?
-9aAppellFl| =, =, =, =, - s |+
4 2 2 4 pi+p2-4ac -b++/b*-4ac
1 3 13 2 c x? 2 ¢ x2
x| |b+4/b 4ac)Appe11F1[— —, =, —, - , |+
4 2 2 4 b+vVb*-4ac -b++vb2-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
(bfx/b274ac]AppellF1[— =5 =, - ]]]J
4 2 2 4 b+\/b2—4ac -b++vb2-4ac

Problem 1094: Result more than twice size of optimal antiderivative.

J\/dx (a+bx2+cx4)3/2d1x

Optimal (type 6, 148 leaves, 2 steps):

3 3 3 7 2 ¢ x? 2 ¢ x?
a(dx)3/2x/a+bx2+cx4 AppellFl[Z,f*,fg, Z,f > - }]/
b

2 -vVb%2-4ac b+Vb2-4ac
2cx? 2cx?
3d 1+ ——— 1+ ——
b>-4ac b++vVb2-4ac

Result (type 6, 1395 leaves):
! xVdx

8085 c? (a+bx2+cx4)3/2

7c(a+bx?+cx*)? (12b2+119bcx?+11c (19a+7cx?)) -

147 a? b? (b—«/b2—4ac +2cx?

5 31 1 7 2 ¢ x? 2 ¢ x?
( ++/b*-4ac +2cx AppellFl[* — T, T - }/
4 2 2 4 b+m “b+ -4ac
31 1 7 2 ¢ x? 2 ¢ x?
7aAppellF1[* T T T~ ) -
4 2 2 4 pi+p2-4ac -b+b*-4ac
5 7 1 11 2cx? 2cx?
X (b c)AppellFl —y T Ty 5 - 5 ]+
4’2" 2" 4 b+vVb2-4ac -b++vb2-4ac
7 3 1 11 2cx? 2cx?
(b 4ac]Appe11F1 — T, Ty T — 5 ] +
22”27 a b+vb2-4ac -b++yb2-4ac
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b++/b?-4ac +2cx?

2156 a3 ¢ (b—w/b2—4ac +2 ¢ x>

3 1 1 7 2cx? 2cx?
AppellFl[*, T T T - ’ } /
4 2 2 4 pi+/b2-4ac -b+b2-4ac
3 1 1 7 2cx? 2cx?
7afppellFl[ =, =, =, —, - ) B
4 2 2 4 pi+p2-4ac -b+/b*-4ac
R 5 7 1 3 11 2¢cx? 2 cx?
X (b+ b—4ac)AppellF1[—, — Ty T = B ]+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
. 7 3 1 11 2cx 2cx?
(b— b—4ac]AppellF1[—, —y Ty Ty — ) ] +
4 2 2 4 b+vb2-4ac -b++/b2-4ac
1188a2bcx2(b— b2-4ac +2cx? (b+«/b2—4ac +2cx?
7 1 1 11 2 ¢ x? 2cx?
AppellFl[*, T T T~ ) ] /
4 2 2 4 b+vb?2-4ac -b+i/b*-4ac
7 1 1 11 2 ¢ x? 2cx?
11aAppellF1[*, T Ty T, - > } -
4 2 2 4 b+vb>-4ac -b++/b2-4ac

11 1 3 15 2cx? 2cx?
X2 (b+\/m) AppellFl{*, T T Ty - > *
4 2 2 4 b+vb2-4ac -b++yb2-4ac
11 3 1 15 2cx? 2cx?
b ane |mperra[ 1,2, 2,25 : 1]]-
4 2 2 4 b+vb2-4ac -b++vb2-4ac
165 a b> x? b—\/m+2cx2 b+\/m+2cx2
7 1 1 11 2 ¢ x? 2 ¢ x?
AppellFl[—, =, =, ——, - s ] /
4 2 2 4 b++vb2-4ac -b++yb2-4ac
7 1 1 11 2 cx? 2 ¢ x?
—11aAppe11F1[*, —y T T - > ] +
4 2 2 4 pi+p2-4ac -b+Vb2-4ac

X2

11 3 15 2 cx? 2 cx?
(b+x/b274ac)AppellF1[f, > T T - ) ]+
4 4 b+vb2-4ac -b+b2-4ac

13
2 2
1 3 1 15 2cx? 2cx?
(b—«/b2—4ac]AppellF1[*, s Ty T - s ]
4 2 2 4 pi+/b2-4ac -b+\/b2-4ac

Problem 1095: Result more than twice size of optimal antiderivative.

(a+bx2+cx4)3/2
J dx

Vdx
Optimal (type 6, 146 leaves, 2 steps):
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1 3 3 5 2cx? 2 cx?
2a+/dx \Ja+bx?+cx* AppellFl[~, - =, - =, =, - , - ]/
4 2 2 4 b-+/b2-4ac b+Vb2-4ac
2cx? 2cx?
d |1+ 1+
b-+vb2-4ac b+vb2-4ac

Result (type 6, 1395 leaves):
1

975 c2+/d x (a+bx2+cx4)3/2

2x |5¢ (a+bx2+cx4)2 (4b>+25bcx*+3c (17a+5cx?)) -

25a’b? (b—«/bzfélac +2c x>

5 2 ¢ x2 2 ¢ x2 }J/
) )
4 pi+b2-4ac -b+b2-4dac

5 2 cx? 2cx?
4

1 1 1
5aAppellfFi[~, =, =, =, - > -
4 2 2 b+vVb2-4ac -b+vb2-4ac
R S 5 1 3 9 2 c x? 2cx?
X b+ b74ac)AppellF1[—, —5 T T - ’ }*
4 2 2 4 pi+b2-4ac -b+b2-4ac
5 5 3 1 9 2 cx? 2 c x?
(bf b—4ac]AppellF1[f, —, T, T, - > +
4 2 2 4 pi+/b2-4ac -b+Vb2-4ac

b++/b?>-4ac +2cx?

11 1 5 2 ¢ x2 2 ¢ x2
ADPEllFl{*, Ty T Ty T ) } /
4 2 2 4 pi+or-4ac -b+V/b>-4ac
11 1 5 2 ¢ x2 2 ¢ x2
5aAppellFl[~, =, =, =, - s -
4 2 2 4 pi+p2-4ac -b+/b*-4ac
, . 5 1 3 9 2cx? 2cx?
x> ||b++/b —4ac)Appe11F1[—, -, =, 5, - s |+
4 2 2 4 pi+b2-4ac -b+yb2 -4ac
2 5 3 1 9 2cx? 2 c x?
(bf b 74ac]AppellF1[—, =, =, =, - , +
4 2 2 4 p,i+b2-4ac -b+vb2-4ac
252a’becx? [b-+/b?-4ac +2cx?| |[b++/b?-4ac +2cx?

5 1 1 9 2cx? 2cx?
AppellFl[*, IR ) } /
4 2 2 4

b+Vb2-4ac -b++vVb%2-4ac

5 1 1 9 2 ¢ x? 2 ¢ x?
9aAppe11F1[*, T T T ™ ’ N
4 2 2 4 p,+p2-4ac -b+b*-4ac
R " 9 1 13 2 c x? 2cx?
X (b+ b—4ac)AppellF1[—, T T T s - s ]+
4 2 2 b+vb2-4ac -b++yb2-4ac
2 9 3 1 13 2 ¢ x? 2 c x?
(b— b—4ac]Appe11F1[—, =y Ty T - P } +
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
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27ab3>x? |b-+/b?>-4ac +2cx?| |b+~/b?-4ac +2cx?
5 1 1 9 2 ¢ x? 2 ¢ x?
AppellFl[*, T T T - ’ } /
4 2 2 4 pi+/b2-4ac -b+b2-4ac
5 1 1 9 2 ¢ x? 2 ¢ x?
-9aAppellFl| =, =, =, =, - > J +
4 2 2 4 pi+b2-4ac -b++/b*-4ac
9 1 3 13 2 ¢ x? 2 ¢ x?
X2 b+x/b2—4ac)Appe11F1[—, —, = — - s ]+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
9 3 1 13 2 cx? 2cx?
(b—x/b2—4ac]AppellF1[—, —y Ty Ty — ) ]
4 2 2 4 b+rvb2i-4ac -b++vb2-4ac

Problem 1096: Result more than twice size of optimal antiderivative.

3/2

dx

J(a+bx2+cx4)

(dX>3/2

Optimal (type 6, 146 leaves, 2 steps):

1 3
- [Zax/a+bx2+cx4 AppellFl[-—, - =, -
4

3 2 cx? 2cx? ]]/
4 p-+b*-4dac b+vVb2-4ac

2 ¢ x2 2cX

d+dx 1+ —m—— 1y —
b-+vb2-4ac b+vb2-4ac

Result (type 6, 1059 leaves):

| 153
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1

539 (dx)”2 (a+bx2+cx4)3’/2

2x |7 (a+bx2+cx4)2 (—77a+13bx2+7cx4> +

784 a2 b x? (b—x/b2—4ac +2cx2)

|/

-

+

-

|+

]

3 1 7 2cx? 2cx?
(b+«/b2—4ac +2cx?| AppellFi[ =, =, =, —, - ]
4 2 2 4 b+\/b2—4ac -b+ -4ac
3 1 1 7 2cx? 2cx?
7aAppe11F1[— —y Ty Ty - B ]’
4 2 2 4 pi+b2-4ac -b+yb2-4ac
7 1 3 11 2cx? 2cx?
x2 b+x/b2—4ac)Appe11F1[f T T s
4 2 2 4 +Vb2-4ac -b++/b2-4ac
7 3 1 11 2cx? 2cx?
(b7«/b2—4ac]AppellF1[* —y =y - ]]
4 2 2 4 b+\/m ~b+Vb2-4d4ac
7 1
924a2x* |[b-~/b*-4ac +2cx?| [b++/b?-4ac +2cx?| AppellF1[—, =,
4 2
1 11 2cx? 2cx? ]]/
NERE) )
2 4 b+vb2-4ac -b++vb2-4ac
7 11 11 2cx? 2cx?
11aAppe11F1[— T T T - ) }‘
4 2 2 4 pi+p2-4ac -b+Vb -4ac
11 1 3 15 2 cx? 2cx?
X2 b+x/b2—4ac)AppellF1[—, —y T Ty - ’ }*
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
11 3 1 15 2cx? 2cx?
(bfx/b274ac J AppellFl|[~—, =, =, —, s ]
4 2 2 4 +vb2-4ac -b++b2-4ac
[33ab2x4 b-+/b2-4ac +2cx?| [b+r/b>-4ac +2cx?
7 1 1 11 2cx? 2cx?
AppellFl[f N ) ] /
4 2 2 4 p.+p2-4ac -b+Vb -4ac
7 1 11 2 ¢ x? 2 ¢ x?
c |11aAppellFl|[—, =, =, —, - ) ] -
4’2" 2" 4 b+vb2-4ac -b++yb2-4ac
11 1 3 15 2cx? 2cx?
X2 b+m)AppellFl[—, T T T o~ ’
4 2 2 4 b+vVb2-4ac -b++vb2-4ac
11 3 1 15 2cx? 2 cx?
(b—xlb2—4ac]Appe11F1[—, =, =y — - s
4 2 2 4 ~4ac -b++/b?-4ac

Problem 1097: Result more than twice size of optimal antiderivative.

J (d X) 3/2
Va+bx?+cx*
Optimal (type 6, 147 leaves, 2 steps):

dx

i
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2cx? ) 2cx?
+

b-+vb2-4ac b+vb2-4ac
2 ¢ x2 2 ¢ x2 2 2
s - ] /(de/a+bx +CX

- El
b-+vb2-4ac b+vb2-4ac

2 (dx)S/Z 1+

Ul

)

1
AppellFl[ =, =,
2

N |

o
FNRY

Result (type 6, 386 leaves):

18 a? x (dx)”2 (b—x/b2—4ac +2cx?

b++/b?>-4ac +2cx?

1
AppellF1 [ > T
2

1 9 2 cx? 2cx? }]/
I )
2 4 pi+br-4ac -b+y/b2-4ac

b+w/b2—4ac] (a+bx2+cx4)3/2

5 1 9 2 ¢ x? 2 ¢ x?
—QaAppellFl[*, 5 T T - > ] +

4 2 2 4 b++Vb2-4ac -b++vb’>-4ac

9 1 3 13 2 ¢ x? 2 ¢ x?
N (b+x/b2—4ac)AppellF1{—, = T, — - s ]+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
(b—x/b2—4ac]AppellF1[—, —y T Ty - ’ ]]])]

4 2 2 4 b+vb2-4ac -b++yb2-4ac

Problem 1098: Result more than twice size of optimal antiderivative.

\dx
J— dx
Va+bx?+cx*
Optimal (type 6, 147 leaves, 2 steps):
2 2
2 (dx)?>? 1+ 2cx 1+ 2cx

b-+vb2-4ac b+vb2-4ac

3 1 7 2cx? 2cx? 2 2
AppellFl| =, =, =, —, - , - ] /(Bdw/a+bx +CX
4 2 2 4 p +p2-4ac b+b*-4ac

Result (type 6, 386 leaves):
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b-+/b>-4ac +2cx?| |[b++/b?-4ac +2cx?

14 a2 x\/d x

| W
-

7 2cx? 2cx? }]/
4 b+\/b2—4ac b+ —4ac

I
. Nk

3 1 7 2cx? 2 ¢ x?
7aAppe11F1[* T T T 4 ]+
4 2 2 4 pi+pZ-4ac -b+Vb2-dac
1 3 11 2cx? 2cx?
X2 (b+m) AppellFl[* T T T - 4 ]+
42 2 4 pi+b2-4ac -b+Vb*-dac
7 3 1 11 2cx? 2cx?
oo aae | penira(Z, 2, 1, 2, 1]
4

2 2 4 b+vb2-4ac -b++yb2-4ac

Problem 1099: Result more than twice size of optimal antiderivative.

J ! dx
Vdx Vva+bx?+cx?
Optimal (type 6, 145leaves, 2 steps):

1 2cx? 2cx?
24/dx 1+ —— 1+ ——
dva+bx?+cx?* b-+/b2-4ac b+vVb2-4ac
1 2cx? 2 cx?

3

1
AppellF1l[~, —,
2

N |

: ]
4 p-+b*-4ac b+vVb2-4ac

Result (type 6, 384 leaves):

IN

10 a% x 4ac +2cx? +1/b?-4ac +2cx?
1 1 1 5 2 cx? 2cx?
AppellFl[f —y Ty Ty - }/
4 2 2 4 b+\/b2—4ac -b+ -4ac

([b b2—4ac) (b+\/b2—4ac]\/dx (a+bx2+cx4)3/2

1 1 5 2cx? 2cx?
-5aAppellFl|~, =, =, =, - s ]+
4 2 2 4 pi+p2-4ac -b++/b*-4ac
/7 5 1 3 9 2cx? 2cx?
-4ac ) APPE11F1 Ty T Ty Ty b } +
4’2" 2" a b+vb2-4ac -b++vb2-4ac
5 3 1 9 2 c x2 2 c x?
( -4/b 4ac]AppellF1 —5 T T T - s ]
2’2" 2" a b+vb2-4ac -b++vb2-4ac
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Problem 1100: Result more than twice size of optimal antiderivative.

J ! dx
(dx)3/2\/a+bx2+cx4
Optimal (type 6, 145leaves, 2 steps):

2cx? 2cx?
2 e —=2X ]y, e
-4ac b+vb2-4ac
1 1 3 2cx? 2 ¢ x2 2 a
AppellFl[-—, =, =, =, - , - ] /[d\/dx Ja+bx?+cx ]
4’2" 2 4 b-vVb2-4ac b+vVb2-4ac

Result (type 6, 710leaves):
1

21a (dx)3/2 (a+bx2+cx4)3/2

2x |-21 (a+bx2+cx4)2+ 49 ab x? (b—x/b2—4ac +2cx?| |[b+a/b?-4ac +2cx?
31 1 7 2 cx? 2cx?
AppellFl[ =, =, =, —, - }/
4 2 2 4 p, b2—4ac ~b++/b%2-4ac
31 1 7 2 c x? 2cx?
4c 7aAppe11F1[f —y =y —y - R }—
4 2 2 4 pi+b2-4ac -b+yb2-4ac
7 1 3 11 2 cx? 2 c x?
X2 b+x/b2—4ac)Appe11F1[f e , +
4 2 2 4 b+vVb?2-4ac -b++vb%2-4ac
7 3 1 11 2 c x? 2 cx?
(b—x/b2—4ac]Appe11F1[f ==, =, - s ]]J+
4 2 2 4 b+vb?2-4ac -b+i/b%>-4ac
7 1
99ax* |b-+/b*-4ac +2cx?| |[b+~/b*-4ac +2cx?| AppellFl[—, —,
4 2
1 11 2 ¢ x? 2 ¢ x? ]J/
2 4 +vb?2-4ac -b++b2-4ac
7 1 1 11 2 ¢ x2 2 c x?
44 aAppellFl[~, =, =, =, - , | -
a2’ 2727 a7 ., m “b+/b2-4dac
5 1 3 15 2 cx? 2 cx?
4x%||b+ 4ac)AppellF1 =, =, =, - B |+
2 2 4 b+vb2-4ac -b++vb2-4ac

11 3 1 15 2cx? 2cx?
(b—\/b2—4ac]AppellF1[:, 2 A s ]]J]

4 b+vVb?2-4ac -b+vb%2-4ac

Problem 1101: Result more than twice size of optimal antiderivative.

J( (dx)32 _ ax

a+bx2+cx4)
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Optimal (type 6, 150 leaves, 2 steps):

2cx? 2cx?
2(dX>5/2 1+ ——m 1+ —mmmm—
-vVb%2-4ac b+vVb2-4ac

Ul

3 3 2cx? 2 c x? 2 2
AppellFl[ =, =, =, =, - , - ] /(Sadxla+bx +CX
2 2

9
4 p-+b?-4ac b+vVb2-4ac

IN

Result (type 6, 720 leaves):
1

5 (b2-4ac) (a+bx2+cx4)3/2

d+vdx

-5 (b+2cx2) <a+bx2+cx4) +

25ab(b—x/b2—4ac +2cx?

1 1 1 5 2 cx? 2cx?
(b+xlb2—4ac +2cx2) AppellFl[ =, =, =, =, - }J/
4 2 2 4 b+\/b2—4ac -b+ -4ac
11 1 5 2 ¢ x? 2 ¢ x?
SaAppellFl{* > Ty Ty - ) }_
4 2 2 4 p,+b2-d4ac -b+b2-4ac
1 3 9 2 ¢ x2 2 ¢ x2
x? (b+x/b2—4ac)Appe11F1{— =, =, - s +
4 2 2 4 pi+p2-4ac -b+/b*-4ac
5 3 1 9 2 ¢ x2 2 cx?
(b—«/b2_4ac]Appe11F1[— = —y — - s }]}]+
4 2 2 4 p.+or-4ac -b+V/b>-4ac
5 1 1
9ax?|b-+/b2-4ac +2cx? b+\/m+2cx2 AppellFl[ =, =, =,
4 2 2
9 2 ¢ x2 2 cx? }]/
Ty - )
4 p++b*-4ac -b+/b2-4ac
5 1 1 9 2cx? 2 cx?
18aAppellF1[* T Ty T~ B ]’
4 2 2 4 pi+p2-4ac -b++/b*-4ac
% 9 3 13 2cx? 2 cx?
( 4ac) pellFl Ty Ty T y ] +
42" 2" 4’y e gdac -bsbl-dac
9 3 1 13 2 ¢ x2 2 ¢ x2
(b—xlb2_4ac]AppellF1[*, —y Ty T — B ]]J
4 2 2 4 b+vb2-4ac -b+yb2-4ac

Problem 1102: Result more than twice size of optimal antiderivative.
J Vdx
(

a+bx2+cx4)

dx
3/2

Optimal (type 6, 150 leaves, 2 steps):
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2cx? 2cx?
2(dX>3/2 1+ —— 1+ ——
-4ac b+vVb2-4ac

w

3 3 7 2 ¢ x2 2 ¢ x2 2 2
AppellFl| =, =, =, —, - , - ] /(3adﬁa+bx +CX )
2 2 4 p_+p2-4ac b+vVb2-4ac

IN

Result (type 6, 1058 leaves):
1

84a (-b2+4ac) <a+bx2+cx4)3/2

xvdx

—84(b2—2ac+bcx2) (a+bx2+cx4)+

(b+x/b274ac +2cx?

196 a2 (b—x/b2—4ac +2cx?

31 1 7 2 cx? 2cx?
AppellFl[ =, =, =, —, - | /
4 2 2 4

b+\/b2—4ac -b+ -4ac

3 1 1 7 2cx? 2 cx?
14 aAppellFl| =, =, =, —, - s -
4 2 2 4 pi+b2-4ac -b+vVb2-4ac
7 1 3 11 2 c x? 2 cx?
+4/b 4ac)AppellF1 —y —y —y — - R +
4’2" 2" 4 b+Vb2-4ac -b+vb2-4ac

~N
=
=

1
( -4ac ] AppellFl - —, —,

49 a b? (b—\/b2—4ac +2cx?

2 cx? 2 cx? ]]
+

b+vb2-4ac -b+i/b%>-4ac
b++/b?-4ac +2cx?

.|>
N
I

3 1 1 7 2 c x? 2 c x?
AppellFl[ =, =, =, —, - }/
4 2 2 4 b+\/b2—4ac -b+Vb%2-4ac
3 1 1 7 2 cx? 2 cx?
c|7aAppellF1[~, =, =, —, - s | -
4 2 2 4 pi+pb2-4ac -b+b2-4ac
7 1 3 11 2cx? 2 c x?
x? b+x/b274ac)Appe11F1[— -, =, =, - , +
4 2 2 4 b+rvVb2-4ac -b+vb2-4ac
7 3 1 11 2 c x? 2 cx?
(b—\/b2—4ac]AppellF1[f =, =, —, - s ]]J
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
7 1
99abx? |[b-+/b?-4ac +2cx?| [b+/b2-4ac +2cx?| AppellFl]—, —,
4 2
1 11 2cx? 2 ¢ x2 ]]/
R )
2 4 b+rvVb2-4ac -b+vb*-4ac
7 1 11 2 ¢ x? 2 c x?
-11aAppellFl[~, =, =, —, - s |+
4 2 2 4 b+rvVb2-4ac -b++vb*-4ac

X2

11 1 3
b+x/b2—4ac)AppellF1[—,— =
4 2 2 -
11 3 1 15 2cx? 2cx?
(bfx/b274acJAppellF1[—, —, = — - s ]])]
4’2" 2 b+ /b2
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Problem 1103: Result more than twice size of optimal antiderivative.
1

J\/dx (a+bx2+cx“)3/2

dx

Optimal (type 6, 148 leaves, 2 steps):

2cx? 2cx?
2+/dx 1+ —————— 1+ ———
b-+vb2-4ac b+vb2-4ac

2 ¢ x2 2 ¢ x2
s - ] /(adw/a+bx2+cx4

- El
b-+vb?-4ac b+vb2-4ac

1 3
AppellF1[—, =,
2

)

N W

N
H |

Result (type 6, 1058 leaves):
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1
20a (-b?+4ac)~/dx <a+bx2+cx4)3/2

72@<b272ac+bcx2) (a+bx2+cx4)+ 300 a (bfx/b274ac +2cx?
11 1 5 2 ¢ x? 2 ¢ x?
( d4ac +2cx)Appe11F1[—, =, s, 5, - s }/
4 2 2 4 pib2-4ac -b+Vb2-4ac
1 1 1 5 2cx? 2 ¢ x2
10 aAppellFl|~, =, =, =, - s ] -
4 2 2 4 p./p2-4ac -b+Vb>-4ac
5 3 9 2 ¢ x2 2 ¢ x2
-4ac | AppellFl|[ =, =, =, =, - s |+
4’2" 2" 4 b+vVb2-4ac -b+vb2-4ac

vl

3 1 9 2cx? 2 cx?
( -+/b 4ac]AppellF1 —y Ty Ty Ty - > ] -
2 4 pi+b* -4ac -b+b2-4ac

b++/b?>-4ac +2cx?

1 1 1 5 2 cx? 2cx?
AppellFl[f —y Ty Ty - }/
4 2 2 4 b+x/b2—4ac -b+Vb*-4ac
1 1 1 5 2 c x? 2 cx?
c |5aAppellF1[~, =, =, =, - s ] -
4 2 2 4 pib2-4ac -b+b?>-4ac
5 1 3 9 2 ¢ x2 2 ¢ x?
x2 (b+x/b2—4ac)AppellF1[f =, =5, - s +
4 2 2 4 pi+p2-4ac -b+b*-4ac
5 3 1 9 2 ¢ x2 2cx?
(b—xlb2_4ac]AppellF1[— —, =, —, - , }]]]_
4 2 2 4 pi+or-4ac -b+Vb>-4ac
5 1
[9abx2 (b—x/b2—4ac +2cx2) b++/b?-4ac +2cx?| AppellFl]~, =,
4 2
1 9 2 cx? 2cx? }]/
T Ty
2 4 b+\/b2—4ac ~b++/b%2-4ac
5 1 1 9 2cx? 2 c x?
9aAppellF1[f —y =y — - R +
4 2 2 4 pi+b2-4ac -b+vb2-4ac
9 1 3 13 2cx? 2 c x?
x? (b+xlb2—4ac)AppellF1[f =, =, =, - s +
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
(b—\/b2—4ac]Appe11F1[* —y Ty T — > ]]]J
4 2 2 4 b+vVb2-4ac -b+vb2-4ac

Problem 1104: Result more than twice size of optimal antiderivative.

1
J 3/2 ) 43/2d1x
(dx) (a+bx?+cx?t)

Optimal (type 6, 148 leaves, 2 steps):
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2cx? 2cx?

b-+/b%?-4ac b+Vb?-4ac

2 ¢ x2 2 ¢ x2

1 3 3
- > T Ty~ y - ]/[ad\/dx \Ja+bx?+cx?
4 2 2 4 b_ b2

-4ac b+vb2-4ac

AppellF1|-

Result (type 6, 1600 leaves):
1

7 (dx)3/2 (a+bx2+cx4)3/2

7 x2 <b3—3abc+b2cx2—2ac2x2) (a+bx2+cx4) 14 (a+bx2+cx“)2

X +
2 (-b2+4ac) a?
31 1
296°x [b-+[b? ~aac 2cx| [bea/b?-aac +2cx| AppellFi[, =, 2,
4 2 2
7 2 ¢ x? 2 ¢ x?
, )/ [18-sac) [ o aac
4 b+vVb -4ac -b+/b2-4ac
31 1 7 2 ¢ x? 2 ¢ x?
(b+MJ 7aAppellF1[— s Ty T - ) *
4 2 2 4 p./p2-4ac -b+Vb2-dac
7 1 3 11 2cx? 2cx?
2 b+m) AppellFi[ =, =, =, =, , *
4 2 2 4 +Vb?-4ac -b+vb2-4ac
7 3 1 11 2cx? 2cx?
(b,m) AppellFl[* T T T s ™ ]]J
4’2" 2" 47y, bT_g4ac -b+VbI_dac
3.1 1
147 ab ¢ x? b—\/m+2cx2 b+\/7c+2cx2 AppellFi[~, —, —,
4 2 2
7 2cx? 2cx?
Z,- , 1]/ [to2-sac) [0+ ifor-aac
4 b+vVb2-4ac -b+/b2-4ac
311 7 2cx? 2cx?
(b+MJ 7aAppellF1[— s T T - ’ }+
4 2 2 4 p,br-4ac -b+b*-4dac
7 1 3 11 2 c x? 2 ¢ x2
X2 b+M)AppellFl[— 5 T T s~ ’ i
4 2 2 4 p.\p2-s4ac -b+Vb-4ac
7 3 1 11 2cx? 2cx?
o o aae aena(Z, 2, 2, 2, 1))
4’2" 2" 47 b b dac biVb? dac
7 1 1
096t cxt (b [ aac +20x] [bs+fo aae + 20| appertra[Z, L, L,
4 2 2

11 2 c x? 2 cx?

B

4 b+vVb2-4ac -b+vb2-4ac

]

/((b2—4ac) oo aac]

1 1 11 2 ¢ x2 2 ¢ x2
(b+\/m) [ 11aAppe11F1[* —5 Ty — - s ]+
4 2 2 4 b+vVb2-4ac -b++yb2-4ac
11 1 3 15 2 c x? 2 c x?
x2 b+m) AppellFl| —, =, =, —, - s +
4 2 2 4 b+vb2-4ac -b++b2-4ac
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11 3 1 15 2cx? 2 ¢ x?
(b—xlb2—4ac]Appe11F1[—, =, =, =, - s ]J]—
4 2 2 4 b+rvVb2-4ac -b+vb:-4ac
330ac?x* |[b-+/b?-4ac +2cx?| |b+~/b* -4ac +2cx?
7 1 1 11 2 c x? 2 cx?
AppellFl[*, Ty T T — ) ] /
4 2 2 4 b+Vb2-4ac -b+vb%2-4ac
((b24ac) (7b+x/b274ac](b+x/b274ac]
7 1 1 11 2cx? 2cx?
—11aAppellF1[—, =5 Ty T - s ] +
4 2 2 4 b+vb2-4ac -b++vb2-4ac

X2

11 1 3 15 2cx? 2cx?
b+x/b2—4ac)AppellF1[—, —y Ty Ty - ’ }+
4 2 2 4 brvb2-4ac -b++vb2-4ac

1 3 1 15 2cx? 2cx?
(b—m] AppellFl|—, =, =, —, - s ]
4 2 2 4 b+vVb2-4ac -b++yb2-4ac

Problem 1108: Result is not expressed in closed-form.

(dx)"
Jidlx
a+bx?+cx?

Optimal (type 5, 173 leaves, 3 steps):

2 ¢ (dx) ™ Hypergeometric2F1[1, m 3m - 2cxt
( ) [ ’ T2 b-/b%*-4ac }

Vvb2-4ac (b—\/b2—4ac ) d(1+m)

2¢ (dx)¥"H tric2F1[1, Lm, 3m __ 2cx
c (dx) ypergeometric2Fi[1, A
Vb?-4ac [b+/b?-4ac|d(1+m)

Result (type 7, 82leaves):

Hypergeometric2F1[-m, -m, 1-m, - ﬁ] (Xi’;l)fm

=N (dx)"RootSum[a + b n1? + c 11* &,

&]
2m bl +2cnl1d

Problem 1109: Result unnecessarily involves higher level functions.
J (d X)m dx
(a+bx2+cxt)?

Optimal (type 5, 315leaves, 4 steps):
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(dx)l”“ (b2—2ac+bcx2)
2a (b2—4ac) d (a+bx2+cx4)

(c (bz (1-m) +b~/b*-4ac (1-m)-4ac(3-m)
1+m,3+m,7 2cxt }J/(Za(b24ac)3/2 (bfx/b274ac)d(1+m)

2" 27 b o aac
(c (bz (1—m) -b+/b?-4ac (1—m) -4dac (3—m)
1+m 3+m 2 cx?
s s - }) (2a(b2—4ac)3/2 [b+xlb274ac)d(1+m)
2" 2 by aac /
Result (type 6, 376 leaves):

[a (3+4m) x (dx)" (bfx/b2—4ac +2cx?

(dx) " Hypergeometric2F1|[1,

(dx) '™ Hypergeometric2Fi[1,

(b+xlb2—4ac +2cx2)

1+m 3+m 2cx? 2cx?
AppellFl|——, 2, 2, , - s }/4c<1+m)
2 2 b+vb2-4ac -b++b?>-4ac
1+m 3+m 2 ¢ x? 2 ¢ x?
(a+bx2+cx4)3[a (3+m)AppellF1[;, 2, 2, : , - s |-
2 2 b+vb2-4ac -b++yb2-4ac

2 x?

3+m 5+m 2cx? 2cx?
b+x/b2—4ac]AppellF1[;, 2,3, 2=, - , ]+
2 2 b+vb2-4ac -b++vb2-4ac

3+m 5+m 2 ¢ x? 2cx?
(b—x/b2,4ac]AppellF1[?,3,2, . s — })]]

3
2 b+vVb2-4ac -b+vb2-4ac

Problem 1110: Result more than twice size of optimal antiderivative.

J(dx)m (a+bx2+cx4)3/2dlx

Optimal (type 6, 158 leaves, 2 steps):

1+m 3 3 3+m 2 cx? 2 c x?
[a (dx)1+mx/a+bx2+cx4 AppellFl[ * , =, -, : , - }J/
2 2

2 cx? 2 c x?
d(1+m> 1+ —M—— 1+

b-+Vb%*-4ac b+Vb*-4ac

Result (type 6, 1080 leaves):
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1

8c2vVa+bx?+cxt
(b—x/b2—4ac) [b+«/b2—4ac b-+/b?-4ac +2cx?| |[b++/b?-d4ac +2cx?

1+m 1 1 3+m 2 ¢ x2 2 ¢ x2
a(3+m) AppellFl|——, - =, - = /

2 2 2 2 b+vVb2-4ac -b+Vb2-4ac

x (dx)"

1+m 1 1 3+m 2 c x? 2 c x?
(1+m) [2a (3+m) AppellF1| s m T — s - s ]+
2 2 2 2 b+Vb2-4ac -b+vb2-4ac

X2

3+m 1 1 5+m
b+m)AppellF1[ ; DI -,

2 2

2 2 2 2
- <X , £X ]+[b7«/b274ac)
b+vVb?2-4ac -b+vb%2-4ac

3+m 1 1 5+m 2 cx? 2 c x? ]])J
+

AppellFl[ > Ty T T » ” K]
2 2 2 2 b+vVb2-4ac -b++vVb2-4ac

5 3+m 1 1 5+m 2cx? 2 ¢ x?
b (5+m) x AppellFl[i, ——y - , — , /
2 2 2 2 b+vVb2-4ac -b+vVb2-4ac
3+m 1 1 5+m 2 ¢ x? 2cx?
(3+m) [2a (5+m) AppellF1| y -, =, , - B |+
2 2 2 2 b+vVb2-4ac -b+Vb2-d4ac

XZ

5+m 1 1 7+m
(b+«/b2_4ac)AppellF1[ ; ,—;, -, : ,

2cx? 2 cx?
- s +[b—«/b2—4ac)
b+vb2-4ac -b++vb2-4ac

5+m 1 1 7+m 2cx? 2 c x?
AppellF1| > T m - ] +
2

2 2 2 b+rvVb2-4ac -b+vb:-4ac

[E—

4 5+m 1 1 7+m 2 cx? 2 c x?
c (7+m) X AppellFl[i, - - 5 - ) /
2 2 2 2 b+vb2-4ac -b+Vb2-4d4ac
5+m 1 1 7+m 2 ¢ x? 2 ¢ x?
(5+m) |2a (7+m) AppellF1| —, - =, - =, , - , |+
2 2 2 2 b+vVb2-4ac -b+Vb2-4d4ac
2

7+m 1 1 9+m
b+x/b274ac)Appe11F1[?,f*; — - s

2 2 2

2 2
2ex N

- B
b++Vb2-4ac -b++b%>-4ac

7+m 1 1 9+m 2cx? 2 cx?
AppellF1| R ]
2

2 2 2 b+vb2-4ac -b++vb2-4ac

Problem 1111: Result more than twice size of optimal antiderivative.
J(dx)mx/a+bx2+cx4 dx

Optimal (type 6, 157 leaves, 2 steps):
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Lem 2 2 1+m 1 1 3+m 2cx? 2cx?
(dx> \Ja+bx®+cx* AppellFl| ——, - —, - —, 5 -
2 2 2

2 cx? 2cx?
d(1+m) 14— (14—
b-+vb2-4ac b+vb2-4ac

Result (type 6, 423 leaves):

[(b—xlb2—4ac] (b+«/b2—4ac) (3+m) x (dx)"
(bfx/b274ac +2cx2) b++/b>-4ac +2cx?

3+m 2 cx? 2 cx? ) 2 2
, - s ] / 8c? (1+m)+/a+bx?+cx
2 b+vVb2-4ac -b++vb%>-4ac

1+m 1 1 3+m 2 c x? 2 cx?
2a (3+m) AppellF1| .
2 2

> > - > ]*
2 2 b+vVb2-4ac -b+vb2-4ac

1+m 1
AppellFl[——, - =, -
2 2

N | R

3

2

- 3
2 b-Vb2-4ac b+vVb2-4ac

3+m 1 1 5+m 2 ¢ x? 2 ¢ x?
X (b+xlb2—4ac)AppellF1[T,—5, , - ,

2

5+m 2 ¢ x? 2 ¢ x?

2 b+vVb?2-4ac -b++vb%2-4ac

)
) B

3+m 1 1
[b—\/b2—4ac]Appe11F1[ AL
2

2 2 2 b+rvb2-4ac -b+vb2-4ac

Problem 1112: Result more than twice size of optimal antiderivative.

d m
J—< X) dx
Va+bx?+cx*
Optimal (type 6, 157 leaves, 2 steps):

Lem 2cx? 2cx? 1+m 1
(dx) 1+ 1+ AppellF1| s =
b-+Vb%>-4ac b++Vb%2-4ac 2 2

1 3+m 2cx? 2cx? 5 2
=, , - , - ] /[d(1+m)«/a+bx +CX
22 b-vVb2-4ac b+vVb2-4ac

Result (type 6, 425 leaves):

1)/

|+

)
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—([2a2(3+m)x(dx)m b-+/b*-4ac +2cx?| |[b++/b2-4ac +2cx?
1+m 1 1 3+m 2 cx? 2cx?
AppellFl[ y T T y - ) }/
2 2 2 2 b+vb2-4ac -b+Vb2-4d4ac

([b—«/b2—4ac) (b+\/m) (1+m) (a+bx®+cxt)??

1+m 1 1 3+m 2cx? 2cx?
_2a (3+m) AppellFl[ y T Ty >~ > ]*
2 2 2 2 b+vVb2-4ac -b+Vb2-4ac
5 3+ 5+m 2 ¢ x? 2 ¢ x?

X

> - ) }"’

m 1 3
(b+x/b2—4ac ) AppellF1] s T T
2 2 2 2 b+vVb2-4ac -b++b2-4ac
3+m 3 1
(b—x/b274ac]AppellF1[ L
2 2 2
c

5+m 2 c x? 2
3

2 brvb2-4ac -b+vb2-4ac

Problem 1113: Result more than twice size of optimal antiderivative.

J ax)*
X
(a+bx2+cx4)3/2

Optimal (type 6, 160 leaves, 2 steps):

Lem 2cx? 2cx? 1+m 3
(dx) 1+ 1+ AppellFl[ —, =,
b-+Vb%>-4ac b++Vb%2-4ac 2 2

3 3+m 2cx? 2 cx? 5 .
=, , - , - ] /[ad(1+m)x1a+bx +CX
22 b-vVb2-4ac b+vVb2-4ac

Result (type 6, 426 leaves):

b-+/b>-4ac +2cx?| |[b++/b?-4ac +2cx?

1+m 3 3 34+m 2 ¢ x? 2 ¢ x?
AppellF1| s =5 —» - , ] /
2 2 2 2 b+vVb2-4ac -b++vb2-4ac

([b_m) (b+\/m] (1+m) (a+bx2+cx4)5/2

2a% (3+m) x (dx)"

1+m 3 3 3+m 2 cx? 2cx?
2a <3+m> AppellFl[ y Ty T y - ) } -
2 2 2 2 b+vVb2-4ac -b+b2-dac

3 x?

n
5 3+4m 3 5 5+m 2 ¢ x? 2 ¢ x?
b++/b 74ac]Appe11F1[ s T T >~ ’ }*

2 2

2 2 b+vb2-4ac -b+iyb2-4ac

3+m 5 3 5+m 2cx? 2 c x?
(b—«/b274ac]AppellF1[%, 5, ;, - > » ]])]

2 b+rvVb2-4ac -b+vb2-4ac
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Problem 1114: Result more than twice size of optimal antiderivative.

J(dx)m (a+bx2+cx4)pd1x

Optimal (type 6, 155leaves, 2 steps):

1 Lom 2¢cx? P 2cx? P
———(dx) 1y —m———— 1y —m————
d(1+m) b-vVb2-4ac b+vVb2-4ac
1+m 3+m 2cx? 2cx?
(a+bx2+cx4)pAppellF1[L, -p, -P, - , - , - ]
2 2 b-+/b?>-4ac b++vb%2-4ac

Result (type 6, 499 leaves):

_/b2_ P
- 2’2’pc(b+x/b2—4ac] (3+m)x(dx>m bb¢+x2
2c¢C

1+p
b-+vVb2-4ac +2cx? 2
v ; J [2a ooyt aac | x) farbatien) e
c
1+m 3+m 2cx? 2cx?
AppellFl[——, -p, -p, y - s ] /
2 2 b+vb2-4ac -b+Vb2-4ac
([_mm) (1+m) [br/b2-4ac +2c2
1+m 3+m 2 ¢ x? 2cx?
a (3+m) AppellFl[—, -Ps -P, ) - s ] +
2 2 b+vb2-4ac -b++vb2-4ac

3+m 5+m
p x> bfx/b274ac)AppellFl[;,lfp,fp, =
2 2
2cx? 2 c x? 2
- 5 ]+[b+ b74ac)
b+vb?2-4ac -b+i/b%*-4ac
3+m 5+m 2cx? 2 ¢ x?
AppellFl[i, -p,1-p, > - )
2 b+vb?2-4ac -b+i/b%*-4ac

Problem 1115: Result unnecessarily involves higher level functions.

Jx7 (a+bx2+cx4>pdlx

Optimal (type 5, 257 leaves, 4 steps):
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x4 (a+bx2+cx4>1+p

+

4c<2+p)
((b2 (2+p) (3+p)-2ac (3+2p)-2bc (1+p) (3+p)x?) (a+bx2+cx4>1+p)/
(8c® (1+p) (2+p) (3+2p)) -
[22+pb<6acb2 (3+p>) (b\/erZCXZ

~1-p
(a+bx*+cx?) 1p Hypergeometric2F1|

Vb2-4ac
2 _ 2
—p,1+p,2+p,b+\/b 4ac +2cx]/(c3 b2 _4ac (1+p) (3+2p)]
2+/b2-4ac

Result (type 6, 440leaves):
b2 -
[5 2’4’pc[b+\/b2—4ac xs(bbm+ 2

X
2c

-p

b-b?-4 202\ 2
ac + CX] (2a+[b—w/b2—4ac X2 (a+x2(b+cx2))’1+p
C
2cx? 2 cx?
ApPEI1F1[4: —P: —P; 5) - B} ] //
b+vb2-4ac -b++b2-4ac

([b+xlb24ac) (b+x/b2—4ac +2cx?

2¢cx? 2cx?
-10 a AppellF1[4, -p, -p, 5, - s |+
b++Vb2-4ac -b++vb%>-4ac

2

p X

2cx? 2cx?
—b+\/b2—4acJAppellFl[S,l—p,—p, 6, - s |-

b+vb2-4ac -b+y/b%2-4ac

2 cx? 2cx?
(b+x/b2—4ac]AppellF1[5,—p,1—p,6,— X s X ]]]]
b+vb2-4ac -b++b%2-4ac

Problem 1116: Result unnecessarily involves higher level functions.

JXS (a+bx2+cx4>pd1x

Optimal (type 5, 223 leaves, 4 steps):
b (2+p) (a+bx2+cx4>1+P x2 (a+bx2+cx4)1+p
4c? (1+p) (3+2p) 2c (3+2p)
b-vVb2-4ac +2cx?

Vb2-4ac
b+vVb2-4ac +2cx?

-p, 1+p, 2+p, ]

2+/b%-4ac
Result (type 6, 395 leaves):

“1-p
(a+bx®+cx?) 1+p Hypergeometric2Fi |

/(cleb2—4ac (1+p) (3+2p)

(Zl*p (2ac-b* (2+p)) |-
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2

6 2

X X

b-+/b?>-4ac +2cx?

2 2
(a+x* (b+cx?)) P AppellFi[3, -p, -p, 4, - 2cx 2cx ]J/

b++vb2-4ac -b++b?>-4ac
(3 [—b+x/b2—4ac] (b+x/b2—4ac +2cx?

2cx? 2cx?
fSaAppellF1[3, -p, -p, 4, - s ] +

b+vVb2-4ac -b+vb2-4ac

2 ¢ x? 2 ¢ x?
—b+x/b2—4acJAppellF1[4,1—p,—p, 5, - s |-

b+vb2-4ac -b+i/b%>-4ac

2 ¢ x2 2 ¢ x2
o2+/67—aac | nppetirala, -p, 1-p, 5, - ]]]]

b+vb2-4ac -b+i/b%2-4ac

2a+ (b— b>-4ac

[(b+ b>-4ac

p x?

Problem 1117: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx3 (a+bx2+cx4>pd1x

Optimal (type 5, 160leaves, 3 steps):

a+bx?cxd) P b-b2-4 2ex2) 1P
( ) + 271D |- ac recx (a+bx2+cx4>1+p
4C<1+p> “/b2—4ac
b+vb2-4ac +2cx?
Hypergeometric2F1[-p, 1+p, 2+p, - * }J/(c1/b2_4ac (1+p))
2+Vb2-4ac

Result (type 6, 440leaves):
_Jp?2-
[3 2—3—[3c[b+ [b274ac X4(bb4ac+ 2

X
2c¢c

-p

b-+b?-4ac +2cx? P 2
’ ] (2a+[b—xlb2—4ac X2 (a+x2(b+cx2))’1+p
C
2cx? 2 ¢ x2
AppellFi[2, -p, -p, 3, - s ]]/ (_b+«/b2_4ac
b++Vb2-4ac -b++b’>-4ac

2 c x? 2 cx?

(b+xlb2—4ac +2cx? s
b+vVb%2-4ac -b+vVb%2-4ac
2 c x? 2 cx?
-b++/b*-4ac ) AppellF1[3, 1-p, -p, 4, - s |-

b+Vb2-4ac -b+vb2-4ac

2¢x? 2cx?
(bﬂ/m] AppellFi[3, -p, 1-p, 4, - ]]])

b+vb?2-4ac -b+i/b%*-4ac

—6aAppellF1[2, -p, -P, 3, -

+

p x?
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Problem 1119: Result more than twice size of optimal antiderivative.

dx

J(a+bx2+cx4)p

X

Optimal (type 6, 152 leaves, 3 steps):
b-+vb?>-4ac +2cx? b+vVb2-4ac +2cx?

1 - -p

24100 (a+bx*+cxt)?
p c x? cx?
b-+vb2-4ac b+vb2-4ac
AppellF1[-2p, -p, -p, 1-2p, - . ]
2 cx? 2cx?

Result (type 6, 497 leaves):
b-vVb2-4ac ]pxz

2732Pc (-1+2p) ;
2cx

1+

b-+vb*-4ac ZJD
— X
2c

p

(b+x/b2—4ac +2 ¢ x>

b+vb?2-4ac -b+i/b%*-4ac

2 ¢ x? 2 ¢ x?

b-Vb?-4ac +2cx?

2

(b\/b24ac +2cx2]1+p

C

cX

(a+bx2+cx4)’1+pAppellF1[—2 p, -p, -p, 1-2p, -

1/

b+vb2-4ac -b++vb?-4ac
—[b+x/b2—4ac)pAppellFl[l—Zp,1—p,—p,2—2p,— : s : |+

L

2cx? 2 cx?
bovB2dac b dac
(_b+m]pAppe11F1[1—2p,—p,l—p,2—2p:— : s I+
2 ¢ x2 2cx?
b b2-4ac -b b2-4ac
2c (-1+2p) x*AppellF1[-2p, -p, -p, 1-2p, - Nzi’ Nzi]]]
2CX 2Ccx

Problem 1120: Result more than twice size of optimal antiderivative.

dx

J(a+bx2+cx4)p

x3

Optimal (type 6, 166 leaves, 3 steps):

1 5 12p b-vVb?_4ac +2cx?) " (b+Vb2-dac +2cx2) "
(1-2p) x? c x? c x?

b-+vb2-4ac b+vb2-4ac
B

(a+bx®+cx*)?AppellF1[1-2p, -p, -p, 2 (1-p), -

2cx? 2cx?

Result (type 6, 516 leaves):



172 | Mathematica 11.3 Integration Test Results for 1.2.2.2 (d x)~m (a+b x~2+c x~4)"p.nb

2°1-2p (—1+ p) 1+

b-vVb2-4ac | " (b-+b2-4ac ®
) [ +x2] [—b+xlb2—4ac—2cx2

2cx? 2c

b-vVb2-4d4ac +2cx2|’ [b-vVb*-dac +2cx2)|°
: ] ; : (b+\/b2—4ac +2cx? (a+bx2+cx4)’1+p
c cx
b+vVb2-4ac -b++vb?>-4ac
AppellF1[1-2p, -p, -p, 2-2p, - , ]/ (-1+2p)
2cx? 2cx?
b++vb?-4ac -b++b2-4ac
~4c (-1+p) x*AppellF1[1-2p, -p, -p, 2-2p, - s s : |+
2cx? 2cx?
b++vVb2-4ac -b++b’>-4ac
(b+x/b2—4ac)pAppellFl[Z—zp,l—p,—p,3—2p,— - s : |+
2 ¢ x? 2 ¢ x?
b++vb?-4ac -b++/b2-4ac
(bfx/b274ac)pAppellFl[Zfzp,7p,17p,372p,7 i ; s ’ ; ]]]
2cx 2cx

Problem 1121: Result more than twice size of optimal antiderivative.

dx

J<a+bx2+cx4)p

x>

Optimal (type 6, 164 leaves, 3 steps):
1 41 b-+vVb%2-4ac +2cx?
(1-p) x*

-P

c x2 c x?

p[b+\/b24ac +2cx?

_~+/b2 - 7
(a+bx2+CX4)pAppe11F1[2 (1_p>) “p, -p,3-2p, _b m) b+vVb*-4ac

2 cx? 2cx?

Result (type 6, 504 leaves):
b-+vb2-4ac ]p [b\/b24ac
N

1+p
2722Pc (-3+2p) 2

1+ X

2 cx? 2c c

P {b\/b24ac +2cx?

(a + b x? +CX4)71+p

b-vVbZ-4ac +2cx2)"
’ ] (b+xlb274ac +2cx?

c x?

AppellF1[2-2p, -p, -p, 3-2p, -

)
2 c x? 2 cx?

b b7 dac b+m]]/((_l+p>xz

b+vb2-4ac -b+i/b%2-4ac

2cx? 2 ¢ x2

b+vVb?-4ac -b+vb%2-4ac
[b+x/b2—4ac)AppellFl[B—Zp,1—p,—p,4—2p,— : : |+

2cx? ’ 2cx?
(bfx/b274ac ] AppellF1[3-2p, -p, 1-p,

b+vb2-4ac b+\/b24ac]]}]

(Zc (-3+2p) x*AppellF1[2-2p, -p, -p, 3-2p, -

P

4-2p, -

2 c x? 2 cx?
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Problem 1122: Result more than twice size of optimal antiderivative.

Jx“ (a+bx2+cx4>pd1x

Optimal (type 6, 138 leaves, 2 steps):

2cx? s 2cx? P
x|y — 1+] (a+bx2+cx4)p
> b-vVb2-4ac b+vb2-4ac
5 7 2 ¢ x2 2 ¢ x2
Appe:l-lFl{_) -P> =P, —» - - ]
2 2

b-+vb2-4ac ’ b++Vb%2-4ac
Result (type 6, 457 leaves):

b-+/b2-4ac
7 22%P¢ [b+«/b2—4ac x° {—+

2c¢C
b-vbZ-4ac +2cx?

1+p
J (—2a+(—b+x/b2—4ac
c

5 7 2 c x? 2 cx?
AppellFl[;: -p, -P» ;) - ] /

-P

X2

XZ

)

b+Vb2-4ac -b+vb%2-4ac

(5 [—b+xlb2—4ac] (b+x/b2—4ac +2cx?

5 7 2cx? 2cx?
77aAppe11F1[;, -p, -P, —, - |+

3

2 pi+/b2-4ac -b+Vb2-4dac

7 9 2cx? 2cx?
-b++/b?-4ac ) AppellFl[;, 1-p, -p, S’

- Bl
b+vVb?2-4ac -b+vb%2-4ac

7 9 2 ¢ x? 2 ¢ x?
(b+\/b274ac]AppellF1[;,7p,17p, S })]]

p x?

)

b+vVb2-4ac -b++b?>-4ac
Problem 1123: Result more than twice size of optimal antiderivative.
sz (a+bx?+cx*)Pdx

Optimal (type 6, 138 leaves, 2 steps):

1 -p

2cx? 2cx? P
_X3 1+— 1+— (a+bX2+CX4>p
3 b-vVb2-4ac b+vVb2-4ac
3 5 2 c x? 2 cx?
AppellFl[;: -P, P, g) - - ]

b-+vb2-4ac ’ b+vb?-4ac
Result (type 6, 457 leaves):
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X3

[5 272P¢ [b+«/b2—4ac

b-vVb2-4 202 |'P 2
ac recex (—Za+(—b+\/b2—4ac 2
c

X
3 5 2 ¢ x? 2 ¢ x?
AppellFl[;) -P> =P —» ] /

2 b+vVb2-4ac -b+vb2-4ac
(3 (—b+\/b2—4ac] (b+x/b2—4ac +2cx?

b-vVb2-4ac 2]_'3
— X

2c¢C

(a+bx2+cx4)’1+p

3 5 2 ¢ x? 2 cx?
-5aAppellFl| =, -p, -p, =, - , |+
2 2 p+vb2-4ac -b+vb2-4ac

px?

5 7 2 2 2 2
,b+«/b274ac)Appe11F1[—,17p,7p, - €x s € X ] -
2 2 p+yVb2-4ac -b+b2-4ac

5 7 2 cx? 2cx?
(b+x/b2—4ac]AppellF1[f,—p,lfp, -, - s }JJ]
2 2 b+yb2-4ac -b+yb2-4ac

Problem 1124: Result more than twice size of optimal antiderivative.
J(a+bx2+cx4)pd1x

Optimal (type 6, 133 leaves, 2 steps):

2cx? P 2cx? P 5 arp
X1+ ——mMmM 1y —mMm—— (a+bx +cx)
b-+vb2-4ac b+vb2-4ac
3 2 cx? 2cx?

1
AppellFl[;, =P, P, = ~ -

2 b—\/b2—4ac, b+vVb2-4ac
Result (type 6, 487 leaves):

b-+vb2-4ac P lb+VbZ-dac ’
3.471p [b+\/b2—4ac X|—————————— + %2 +—+X2
2c¢C 2c¢C
b-VbZ-dac +2cx2) P (b+Vb2-d4ac +2cx2) P 5 5)2
(—2a+[—b+ b -4ac | x
C C
1 3 2 ¢ x2 2 ¢ x2
(a+bx®+cx*) P appellFl[ =, -p, -p, =, - s ]]/
2 2 p+Vb2-4ac -b+\b*-4ac
1 3 2 c x? 2cx?
([b+xlb24ac) (BaAppellFl[—, -P, -P, 7, - ) }Jr
2 2 b+yb2-4ac -b+yb2-4ac
3 5 2 ¢ x? 2cx?
p x? —b+«/b2—4ac)AppellF1[*,1fp,fp, — - s }*
2 2 b+vVb?2-4ac -b+vb%2-4ac

3 5 2cx? 2cx?
(b+«/b274ac]AppellF1[*,fp,lfp: Ty - s }J]J
2 2 b+vb’-4ac -b+yb?-4ac
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Problem 1125: Result more than twice size of optimal antiderivative.

(a+bx?+cxt)P
J dx
2
Optimal (type 6, 136 leaves, 2 steps):
1 2cx? P 2cx? ]'p
s 1+ —
X b-+vb2-4ac b+vb2-4ac
1 1 2cx? 2 c x?
(a+bx2+cx4>pAppellF1[f*,fp,*P, —, - > - }
2 2 p-+/b2-4ac b+vVb2-d4ac

Result (type 6, 472 leaves):

b-b?_4 P
- 2’2’p(b+x1b2—4ac] 2N AL e (—b+x/b2—4ac—2cx2
2c

2

(a+bx2+cx4)’1*p

XZ

b-vVbZ-d4ac +2cx2\°
- J (—2a+[—b+xlb2—4ac

C

1 1 2 ¢ x? 2 ¢ x? rEEE—
AppellFl{——, =P, =P 7 - > }]/ [(—b+ b’>-4ac | x
2 2 b++vb2-4ac -b++b2-4ac
1 1 2 ¢ x? 2 ¢ x?
(b+x/b2—4ac +2cx2) aAppellFl[- =, -p, -p, —, - , |+
2 2 b++Vb2-4ac -b++vb?>-4ac

2

1 3 2 ¢ x2 2 ¢ x2
b—m) AppellFl{;, 1-p, -p, =, ]+

2 b+vb2-4ac -b+i/b%2-4ac

L 3 2 x2 2 ¢ x?
L~ Jii
2 2 pb+Vb’-4ac -b+Vb*-4ac

p X

Problem 1126: Result more than twice size of optimal antiderivative.

(a+bx?+cxt)P
J dx
4
Optimal (type 6, 138 leaves, 2 steps):
1 2 ¢ x? 'p( 2 ¢ x? P
e 1
3x3 b-+vb2-4ac b++vb2-4ac
3 1 2 ¢ x? 2 ¢ x?
(a+bx2+cx4)pAppellF1[f*, -Ps —Ps 7 — > - ]
2 2 b-+Vb2-4ac b+vVb2-4ac

Result (type 6, 456 leaves):
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b-vVb2-4ac ZJ_p
— X

2c¢C

22Pc (b+xlb2—4ac]

b-+b2-4ac +2cx?

p
(—2a+ (—b+\/b2—4ac
C

3 1 2 c x? 2 c x?
AppellFl[fg) =P =P, - > ] /

- 3
2 b+vVb2-4ac -b+vb%2-4ac

b++/b?2-4ac +2cx?

3 1 2 ¢ x? 2 ¢ x?
aAppellFl[_;: -P> =P, ——»

_ ) e
2 pi+/b2-4ac -b+vVb*-4dac

1 1 2cx? 2cx?
7b+«/b274ac)AppellFl[f—,lfp,7p, =, - s ] -
2 2 b+vb2-4ac -b+yb2-4ac

1 1 2 ¢ x? 2 ¢ x?
(b+x/b2—4ac]AppellF1[—g,—p,l—p, -, - ]]JJ

J
2 pi/b2-4ac -b+vVb:-4ac

1+ 2
2l (a+bx*+cx?)

X -1+p

3

(3 (—b+ b?-4ac | x

2

p X
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Summary of Integration Test Results

1126 integration problems

A - 845 optimal antiderivatives

B - 44 more than twice size of optimal antiderivatives
C - 209 unnecessarily complex antiderivatives

D - 28 unable tointegrate problems

E - Ointegration timeouts



